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1. Introduction 

In '85 Gromov published his article on pseudo-holomorphic curves |Gro85j that made 
symplectic topology as we know it today only possible. Using these techniques, Gromov 
presented in his initial paper many spectacular results, and soon many other people started 
using these methods to settle questions that before had been out of reach [Eli90. McDQOl. 
IMcDQll, IHof93|, IEli96^ IAbr98j and many others; for more recent results in this vein we 
refer to [ WenlOL [OVT2] . 

While the references above rely on studying the topology of the moduli space itself, 
Gromov's J-holomorphic methods have also been used to develop powerful algebraic theories 
like Floer Homology, Gromov- Witten Theory, Symplectic Field Theory, Fukaya Theory etc. 
that basically rely on counting rigid holomorphic curves (that means holomorphic curves that 
are isolated). Note though that we will completely ignore such algebraic techniques in these 
notes. 

Gromov's approach for studying a symplectic manifold {W,uj) consists in choosing an 
auxiliary almost complex structure JonW that is compatible with a; in a certain way. This 
auxiliary structure allows us to study so called J-holomorphic curves, that means, equivalence 
classes of maps 

u: ^ {W,J) 

from a Riemann surface (S, j) to W whose differential at every point x G S is a (j, J)-complex 
map 

Conceivable generalizations of such a theory based on studying J-holomorphic surfaces 
or even higher dimensional J-complex manifolds only work for integrable complex structures; 
otherwise generically such submanifolds do not exist. A different approach has been developed 
by Donaldson |Don96(, IDon99j , and consists in studying approximately holomorphic sections 
in a line bundle over W. This theory yields many important results, but has a very different 
flavor than the one discussed here by Gromov. 

The J-holomorphic curves are relatively rare and usually come in finite dimensional fam- 
ilies. Technical problems aside, one tries to understand the symplectic manifold {W,u}) by 
studying how these curves move through W. 

Let us illustrate this strategy with the well-known example of CP". We know that there 
is exactly one complex line through any two points of CP". We fix a point zq E CP", and 
study the space of all holomorphic lines going through zq. It follows directly that CP" \ {^o} 
is foliated by these holomorphic lines, and every line with zq removed is a disk. Using that the 
lines are parametrized by the corresponding complex line in T^^CP" that is tangent to them, 
we see that the space of holomorphic lines is diffeomorphic to CP"^^, and that CP" \ {^o} 
will be a disk bundle over CP"~^. 

In this example, we have used an ambient manifold that we understand rather well, CP", 
to compute the topology of the space of complex lines. So far, it might seem unclear how one 
could obtain information about the topology of the space of complex lines in an ambient space 
that we do not understand equally well, to then extract in a second step missing information 
about the ambient manifold. 

The common strategy is to assume that the almost complex manifold we want to study 
already contains a family of holomorphic curves. We then observe how this family evolves, 
hoping that it will eventually "fill up" the entire symplectic manifold (or produce other 
interesting effects). 
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To briefly sketch the type of arguments used in general, consider now a symplectic man- 
ifold W with a compatible almost complex structure, and suppose that it contains an open 
subset U diffeomorphic to a neig hborhood of CP^ x {0} in CP^ x C (see fMcD90]). In 
this neighborhood we find a family of holomorphic spheres CP^ x {z} parametrized by the 
points z. We can explicitly write down the holomorphic spheres that lie completely inside U, 
but Gromov compactness tells us that as the holomorphic curves approach the boundary of 
U, they cannot just cease to exist but instead there is a well understood way in which they 
can degenerate, which is called bubbling. Bubbling means that a family of holomorphic curves 
decomposes in the limit into several smaller ones. Sometimes bubbling can be controlled or 
even excluded by imposing technical conditions, and in this case, the limit curve will just be 
a regular holomorphic curve. 

In the example we were sketching above, this means that if no bubbling can happen, 
there will be regular holomorphic spheres (partially) outside U that are obtained by pushing 
the given ones towards the boundary of U. This limit curve is also part of the 2-parameter 
space of spheres, and thus it will be surrounded by other holomorphic spheres of the same 
family. As long as we do not have any bubbling, we can thus extend the family by pushing 
the spheres to the limit and then obtain a new regular sphere, which again is surrounded 
by other holomorphic spheres. This way, we can eventually show that the whole symplectic 
manifold is filled up by a 2-dimensional family of holomorphic spheres. Furthermore the 
holomorphic spheres do not intersect each other (in dimension 4), and this way we obtain a 
2-sphere fibration of the symplectic manifold. 

In conclusion, we obtain in this example just from the existence of the chart U, and the 
conditions that exclude bubbling that the symplectic manifold needs to be a 2-sphere bundle 
over a compact surface (the space of spheres). 

Note that many arguments in the example above (in particular the idea that the moduli 
spaces foliate the ambient manifold) do not hold in general, that means for generic almost 
complex structures in manifolds of dimension more than 4. Either one needs to weaken the 
desired statements or find suitable work arounds. The principle that is universal is the use 
of a well understood local model in which we can detect a family of holomorphic curves. 
If bubbling can be excluded, this family extends into the unknown parts of the symplectic 
manifold, and can be used to understand certain topological properties of this manifold. 

These notes are based on a course that took place at the Universite de Nantes in June 2011 
during the Trimester on Contact and Symplectic Topology. We will explain how holomorphic 
curves can be used to study symplectic fillings of a given contact manifold. Our main goal 
consists in showing that certain contact manifolds do not admit any symplectic filling at all. 
Since closed symplectic manifolds are usually studied using closed holomorphic curves, it is 
natural to study symplectic fillings by using holomorphic curves with boundary. We will 
explain how the existence of so called Legendrian open books (Lobs) and bordered Legendrian 
open books (blobs) controls the behavior of holomorphic disks, and what properties we can 
deduce from families of such disks. The notions are direct generalizations of the overtwisted 
disk |Gro85|, lEliQOj and standardly embedded 2-spheres in a contact 3-manifold |BG83|, 
IGro85L[Hom] . 

For completeness, we would like to mention that symplectic fillings have also been studied 
successfully via punctured holomorphic curves whose behavior is linked to Reeb orbit dynam- 
ics, and via closed holomorphic curves by first capping off the symplectic filling to create a 
closed symplectic manifold. 
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1.1. Outline of the notes. In the first part of these notes we wiU talk about Legendrian 
fohations, and in particular about Lobs and bLobs. We will not consider any holomorphic 
curves here, but the main aim will be instead to illustrate examples where these objects can 
be localized. In the second part, we study the properties of holomorphic disks imposed by 
Legendrian foliations and convex boundaries. In the last chapter, we use this information to 
understand moduli spaces of holomorphic disks obtained from a Lob or a bLob, and we prove 
some basic results about symplectic fillings. 

The content of these notes are based on an unfinished manuscript of |Niej . 

1.2. Notation. We assume throughout a certain working knowledge on contact topology 
(for a reference see for example |MS98t Chapter 3.4] and |Gei08j ) and on holomorphic 
curves |AL94L[MS04 ]. The contact structures we consider in this text are always cooriented. 
Remember that by choice of a coorientation, (M, ^) always obtains a natural orientation and 
its contact structure ^ carries a natural conformal symplectic structure. For both, it suffices 
to choose a positive contact form a, that means, a 1-form with ^ = kera that evaluates 
positively on vectors that are positively transverse to the contact structure. The orientation 
on M is then given by the volume form 

a A da" , 

where dimM = 2n + 1, while the conformal symplectic structure is represented by da\^. 

One can easily check that these notions are well-defined by choosing any other positive 
contact form a' so that there exists a smooth function / : M — )■ M such that a' = a. 

Further conventions. Note that denotes in this text the closed unit disk. 
I owe it to Patrick Massot to have been converted to the following jargon. 

Definition. The term regular equation can refer in this text to any of the following 
objects: 

(1) When S is a cooriented hypersurface in a manifold M, then we call a smooth function 
h: M — )• M a regular equation for S, if is a regular value of h and h~^(^^ = S. 

(2) When D < TM is a singular codimension 1 distribution, then we say that a 1-form 
/3 is a regular equation for D, D = ker /3 and if d/3 7^ at singular points of P. 

According to this definition, an equation of a contact structure is just a contact form. 



CHAPTER 1 



Lobs &; bLobs: Legendrian open books and bordered 
Legendrian open books 

1. Legendrian foliations 

1.1. General facts about Legendrian foliations. Let (M, ^) be a contact manifold 
that contains a submanifold N. Generically, if we look at any point p €z N the intersection 
between and the tangent space TpN will be a codimension 1 hyperplane. Globally though, 
the distribution P = ^ n TN may be singular, because there can be points p £ N where 
TpN C ^p, and equally important the distribution D will only be in very rare cases a foliation. 
In fact, if we choose a contact form a for ^, then we obtain by the Frobenius theorem that D 
will only be a (singular) foliation if 

(a A da) = . 

Another way to state this condition is to say that we have da\.jy^ = at every regular 
point p £ N oiV, so that Vp has to be an isotropic subspace of {^p,dap). In particular, this 
shows that the induced distribution V can never be integrable if dimP > ^ dim^. 

We will usually denote the distribution ^ n TN by whenever it is a singular foliation. 
Furthermore, we will call such an a Legendrian foliation if dim = ^ dim,^, which im- 
plies that has to be a submanifold of dimension n+1 if the dimension of the ambient contact 
manifold is 2n + 1. For reasons that we will briefly sketch below, but that will be treated 
extensively from Chapter [2] on, we will be mostly interested in submanifolds carrying such a 
Legendrian foliation. Note in particular that in a contact 3-manifold every hypersurface A^ 
carries automatically a Legendrian foliation. 

Denote the set of points p £ N where T is singular by Sing(J^) . One of the basic properties 
of a Legendrian foliation is that for any contact form a, the restriction da\rpj^ does not vanish 
on Sing(J^), because otherwise TpN C S,p would be an isotropic subspace of (^p, dap) which is 
impossible for dimensional reasons. Since da\rpj^ does not vanish on Sing(J^), we deduce in 
particular that A^ \ Sing(J^) is a dense and open subset of A^. 

The main reason, why we are interested in submanifolds that have a Legen- 
drian foliation is that they often allow us to successfully use J-holomorphic curve 
techniques. On one side, such submanifolds will be automatically totally real for any suit- 
able almost complex structure on a symplectic filling, thus posing a good boundary condition 
for the Cauchy-Riemann equation: The solution space of a Cauchy-Riemann equation with 
totally real boundary condition is often a finite dimensional smooth manifold, so that it fol- 
lows that the moduli spaces of J-holomorphic curves whose boundaries lie in a submanifold 
with a Legendrian foliation will have a nice local structure. A second important property is 
that the topology of the Legendrian foliation controls the behavior of J-holomorphic curves. 
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1. (BORDERED) LEGENDRIAN OPEN BOOKS 



and will allow us to obtain many results in contact and symplectic topology. Elliptic codimen- 
sion 2 singularities of the Legendrian foliation "emit" families of holomorphic disks; suitable 
codimension 1 singularities form "walls" that cannot be crossed by holomorphic disks. 

In the rest of this section, we will state some general properties of Legendrian foliations. 



Theorem 1.1.2 shows that a manifold with a Legendrian foliation determines the germ of 
the contact structure on its neighborhood. This allows us to describe small deformations of 
the Legendrian foliation, and study almost complex structures more explicitly (see Section [2] 



in Chapter [2]). Theorem LI. 3 gives a precise characterization of the foliations that can be 



realized as Legendrian ones. 

1.2. Singular codimension 1 foliations. The principal aim of this section will be 
to explain the following result due to Kupka Kup64| that tells us that the behavior of a 
Legendrian foliation close to a singular point can always be reduced to the 2-dimensional 
situation (see Fig. [T]). 

Theorem 1.1.1. Let N be a manifold with a singular foliation J- that admits a regular 
equation (3. Then we find around any p G Sing(J^) a chart with coordinates {s,t, xi, . . . , Xn-i), 
such that f3 is represented by the 1-form 

a{s, t) ds + b{s, t) dt 

for smooth functions a and b. 

We will call any chart of N of the form described in the theorem a Kupka chart. Note 
that the foliation in a Kupka chart restricts on every 2-dimensional slice {(xi, . . . ,x„_i) = 
const} to one that does not have any isochore singularities (a term introduced in |Gir91j ). 

Proof. From the Frobenius condition 13 A d(3 = 0, it follows that = 0, so that if 
dim > 2, there is a non-vanishing vector field X on a neighborhood of p with df3{X, •) = 0. 
We can also easily see that X G ker /3 and Cxl3 = 0, because 

= (/3 A d/3) = I3{X) d/3 - /3 A [ixd^] = /3(X) , 

and df3 does not vanish on a neighborhood of p. 

Let be the flow of X, and choose a small hypersurface S transverse to X. Using the 
diffeomorphism 

^■.^x{-e,e)^ N, {p,t)^^f{p) 
we can pull back the 1-form /3 to S x (— e,e) and we see it reduces to f3\^j^. By repeating 
this construction the necessary number of times we obtain the desired statement. □ 

1.3. Local behavior of Legendrian foliations. We state the following two theorems 
without proof, and point the interested reader to [Niej for more details. The situation 



in Section 2.2 is treated in these notes in full completeness to illustrate the flavor of the 
necessary methods. The first result tells us that a Legendrian foliation determines the germ 
of the contact structure in its neighborhood. 

Theorem 1.1.2. Let N be a compact manifold (possibly with boundary) and let (Mi,^i) 
and (M2,^2) be contact manifolds. Assume that two embeddings ii: N ^ Mi and L2 - N ^ 
M2 are given such that and ^2 induce on N the same cooriented Legendrian foliation T . 
Then we find neighborhoods Ui C Mi of li{N) and U2 C M2 of i2{N) together with a contac- 
tomorphism 

$: (C/i,4i)^(C/2,6) 
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Figure 1. The singularities of a Legendrian foliation look locally like the 
product of M"~^ with a foliation in the plane. 

that preserves N, that means, ^ o li = L2. 

Another useful fact is the following theorem that tells us that the singular foliations that 
can be realized as Legendrian ones are exactly those that admit a regular equation (using 
the convention from the introduction). This result generalizes the 3-dimensional situation 
|Gir91j . where this property was called a foliation without ^Hsochore singularities" . 

Theorem 1.1.3. Let N be a manifold with a singular codimension-1 foliation T given by 
a regular equation f3. Then we can find an (open) cooriented contact manifold (M, ^) that 
contains N as a submanifold such that ^ induces J- as Legendrian foliation on N . 

2. Singularities of the Legendrian foliation 

The singular set of a Legendrian foliation can be extremely complicated. We will only 
discuss briefly a few general properties of such points, before we specialize all considerations 
to two simple situations. 

Let N have a singular foliation given by a regular equation /3, and let p £ Sing(J^) be 
a singular point of J~. Choose a Kupka chart U with coordinates (s, t^ xi, . . . , ^n—i 

) centered 

at p. In this chart /3 is represented by 

a(s, t) ds + b{s, t) dt 

with two smooth functions a,b: U — t- M that only depend on the s- and t-coordinates, and 
that vanish at the origin. 

To understand the shape of the foliation depending on the functions a and b, we might 
study trajectories of the vector field 

X = KM)|-a(M)| 

that spans the intersection of the foliation with the (s, t)-slices. Its divergence divX = 
db/ds — da/dt does not vanish, since df3 ^ 0. Up to a genericity condition, we know by the 
Grobman-Hartman theorem that the flow of X is C'^-equivalent to the flow of its linearization 
(see |PdM82] ). In dimension 2, the Grobman-Hartman theorem even yields a C^-equivalence, 
but this does not suffice for our purposes. For one, we would like to sick to a smooth model 
for all singularities, but in fact it even suffices for our goals to only look at singularities whose 
leaves are all radial, so we will use below a more hands-on approach. 
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1. (BORDERED) LEGENDRIAN OPEN BOOKS 



2.1. Elliptic singularities. The first type of singularities we allow for the foliation T on 
A'" are called elliptic: In this case, the point "p G Sing(J^) admits a Kupka chart diffeomorphic 
to X M" with coordinates {(s, t, xi, . . . , in which the foliation is given as the kernel of 
the 1-form 

sdt — tds 

that means, the leaves are just the radial rays in each (s, t)-slice. 

We will always assume that the elliptic singularities of a foliation T are closed isolated 
codimension 2 submanifolds S in the interior of N with trivial normal bundle, so that the 
tubular neighborhood of S is diffeomorphic to x S. We assume additionally that the 
foliation T in this model neighborhood are the points with constant angular coordinate in 
the disk. 

2.2. Singularities of codimension 1. Singular sets of codimension 1 are extremely 



ungeneric, but can be often found through explicit constructions (as in Example 1.3.2). We 
will show in this section that by slightly deforming the foliated submanifold one can sometimes 
modify the foliation in a controlled way so that the singular set turns into a regular compact 
leaf (see Fig. [2]). 

We will treat this situation in full detail to illustrate what type of methods are needed 
for the proofs in this first chapter. 




Figure 2. In dimension 3 it is well-known that we can get rid of 1-dimensional 
singular sets of a Legendrian foliation by slightly tilting the surface along the 
singular set. The picture represents how to produce an overtwisted disk whose 
boundary is a compact leaf of the foliation. 



Lemma 1.2.1. Let N be a compact manifold with a singular codimension 1 foliation T 
given by a regular equation 13. Assume that the singular set Sing(J^) of the foliation contains 
a closed codimension 1 submanifold S ^ N that is cooriented. 

Then we can find a tubular neighborhood of S diffeomorphic to {—e, e) x S such that j3 
pulls back to 

where s denotes the coordinate on {—£,e), and (3 is a non-vanishing 1-form on S that defines 
a regular codimension 1 foliation on S. 

Proof. Choose a coorientation for S. We first find a vector field X on a neighborhood 
of S that is transverse to S and lies in the kernel of /3. Study the local situation in a Kupka 
chart U around a point p £ S with coordinates {s,t,xi, . . . ,Xn-i)- Assume that /? restricts 
to 

a(s, t) ds + b{s, t) dt , 
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such that S CiU corresponds to the subset {s = 0}, and such that s increases in direction of 

the chosen coorientation. 

Since a and b vanish along S CiU, we may write this form also as 

s as{s, t) ds + s bs{s, t) dt = s [as{s, t) ds + bs{s, t) dt) 

with smooth functions and bs that satisfy the conditions 

as{0,t) = —{0,t) and 6,(0, = — (0, . 

OS OS 

The function bg does not vanish in a small neighborhood of S Ci U, because ^ dj3 = 
dgbds Adt. Choose then on the Kupka chart U the smooth vector field 

V f ^ \ a "(^'*) a a as{s,t) 

Xuis, t,Xi,..., Xn-l ) =Os- Ti-—r dt = ds- , . Ot . 

b{s,t) bs{s,t) 

This field lies in and is positively transverse to S DU 

Cover the singular set S with a finite number of Kupka charts Ui, . . . , Un, construct vector 
fields Xif. according to the method described above, and glue them together to obtain the 
desired vector field X by using a partition of unity subordinate to the cover. We can use the 
flow of X to obtain a tubular neighborhood of S that is diffeomorphic to {—e,e) x S, where 
{0} X S corresponds to the submanifold S, and X corresponds to the field dg, where s is the 
coordinate on the interval (— £, e), and since P{X) = 0, it follows that /3 does not contain any 
c/s-terms. 

Let 7 be the 1-form given by ixd(3. This form does not vanish on a neighborhood of the 
singular set 5, because d(3 while /3|y5 = 0, and so we can write 

= Lx{l3Adp) = l3{X)dl3 - p A{ixd/3) = Aj . 

This means that there is a smooth function F: (— £, e) x 5 — >■ M with F\g = such that 
P = Fj. Furthermore, we get that 

J = txdP = dF{X) -1 + F Lxdj 

does not vanish along S, but F does, so we obtain on S that dF{X) = 1, and it follows that 
5 is a regular zero level set of the function F. In fact, we can also easily see from 

= /3 Adp = F"^-/ Ad-f 

that '~f A d'j vanishes everywhere so that ker 7 defines a regular foliation F that agrees with 
the initial foliation outside Sing(J^). 

Finally, we have tx7 = 0, and using a similar argument as before, we see 

= ix (7 A d'y) = —7 A Lxd'f 

so that there is a smooth function /: (— e,e) x S" — t- M such that £x7 = '-xd'^f = fj- The 
fiow in s-direction possibly rescales the 1-form 7, but it leaves its kernel invariant, thus 
the foliation F is tangent to the s-direction and s-invariant. We can hence represent F on 
(— e, e) X S as the kernel of the 1-form /3 = j\rpg that does not depend on the s-coordinate, 
and does not have any c/s-terms. It follows that 7 is equal to F ^\rpg for a function F that 
restricts on 5" to 1. _ _ _ 

For the initial 1-form /3 this means that /3 = (FF) j3, and FF is a smooth function and 
{0} X 5 is the (regular) level set of 0. We can redefine the model (— e, e) x iS by using the 
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1. (BORDERED) LEGENDRIAN OPEN BOOKS 



flow of a vector field G ^ ds with G = ds{FF) to achieve that /? reduces on this new model 
to s ^. □ 



Suppose from now on that the singular foliation is of the form described in Lemma 1.2.1 
that means, we have a closed manifold S with a regular codimension 1 foliation Fs given as 
the kernel of a 1-form /3, and is diffeomorphic to (— e, e) x S with a singular foliation F 
given as the kernel of the 1-form s f3. 

Remember that a 1-form a on S defines a section in T* S with the property that a* Acan = 
a. We may realize J-" as a Legendrian foliation, by embedding (— e, e) x S into the 1-jet space 
(M X T*S, dz + Acan) via the map 

{s,p) ^ (0,s/3) . 

The foliations agree, and according to Theorem |I.1.2| this model describes a small neighbor- 
hood of (A^, s(3) embedded into an arbitrary contact manifold. 

Assume from now on additionally that /3 is a closed 1-form on S (by a result of Tischler, 
S fibers over the circle |Tis70| ). Choose a smooth odd function / : (— e, e) — t- M with compact 
support such that the derivative /'(O) = —1. The section 

{-e,e) X S ^RxT*S, {s,p) ^ {5f{s), s(3) 

describes for small 6 > a C°°-small deformation of A^ that agrees away from S with A^. 
The perturbed submanifold A^' also carries a Legendrian foliation induced by ker (ds -|- Acan) ; 

because the pull-back form (3' = f ds + s/3 gives 

P' Adf3' = [f ds + s0) A {dsh^+sdpj =s{f ds + s^) A d^ = s f ds A djs , 

which vanishes, so that f3' satisfies the Frobenius condition. Furthermore, since /?' itself does 
not vanish anywhere, it is easy to check that ker/3' defines a regular foliation F', and that 
{0} X 5 is a closed leaf of J-'. 
As a conclusion, we obtain 

Corollary 1.2.2. Let (M, ^) be a contact manifold containing a submanifold N with an 
induced Legendrian foliation T . Assume that the singular set of F contains a cooriented closed 
codimension 1-submanifold S C N, and that there is a regular foliation T that agrees outside 
N with J- , and that corresponds on S with a fibration over the circle. Using an arbitrary 
small C°° perturbation of N close to S, we obtain a new Legendrian foliation for which S has 
become a regular closed leaf. 

3. Examples of Legendrian foliations 

The following example relates Legendrian foliations to Lagrangian submanifolds. It is not 
important by itself, but it may help understanding the construction of the bLobs in blown 
down Giroux domains given in jMNW12] . and I believe that it might pave the way to other 
applications. 

Example 1.3.1. Let P be a principal circle bundle over a base manifold and suppose 
that ^ is a contact structure on P that is transverse to the S^-fibers and invariant under the 
action. It is well-known that by averaging, we can choose an S^-invariant contact form a for 
^ and that there exists a symplectic form uj on B such that 1^*00 = da, where vr is the bundle 
projection n: P ^ B. The symplectic form uj represents the image of the Euler class e(P) 
in i?^(S,M), and hence P cannot be a trivial bundle (see |BW58] ). The manifold (PL,a) is 
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usually called the pre-quantization of the symplectic manifold {B, u) (or the Boothby- 
Wang manifold). 

Let L be a Lagrangian submanifold in {B,lo), and let Pl ■= Tr~^{L) be the fibration 
over L. Note first that in this situation, we have = 0, so that e{PL) = e(P)|^ will 

automatically cither vanish or be a torsion class. We assume that ^{Pl) = 0, so that the 
fibration Pl will be trivial, and we can find a section a: L ^ P^. 

We have (a A da) \ rpp^ = (a A 7r*w) |^p^ = 0, so that induces a Legendrian foliation 
on Pl- Furthermore, since the infinitesimal generator X^p of the circle action satisfies a{Xtp) = 
1, it follows that T is everywhere regular. Using the section a, we can identify Pl with x L, 
and write a\rpp^ as 

dif + P , 

where (p is the coordinate on the circle and ^ is a closed 1-form on L. The leaves of the 
foliation T are local sections, but they need not be global ones, and usually these leaves will 
not even be compact. Instead the proper way to think of them is as the horizontal lift of the 
fiat connection 1-form a\j<p^. 

Choose any loop 7 C L based at a point po G L. We want to lift 'y{t) to a path j{t) = 
(e"^(*),7(t)) in Pl = S^ X L that is always tangent to a leaf of T, so that 

7'(t) = (-/3(7'W),7'W)- 
In particular start and end point of 7 are related by the monodromy 

C^:=- [ P, 
J J 

that means, if 7 starts at (e*'''",po) G x L, then its end point will be (e*('^«+'-^T\po)- 

Note that since the connection is fiat, that means, /3 is closed, two homologous paths from 
Po to Pl will lift the end point in the same way. Thus we have a well-defined map 

The leaves of the Legendrian foliation will only be compact, if the image of this map is 
discrete. 

Note that the embedding of H^{L,Q) — t- i7^(L,R) is dense, and so we find a 1-form 
arbitrarily close to /? such that the monodromy for every loop in L will be a rational number. 
Clearly, we can extend 6 = — ^ to a 1-form defined on the whole bundle P, and suppose that 
S is sufficiently small so that a' = a + 5 determines a contact structure that is isotopic to the 
initial one. We may hence suppose that after a small perturbation of a that the Legendrian 
foliation on Pl is given by d(j) + P' . 

In fact, since Hi[L,7,) is finitely generated, we find a number cGQ such that all possible 
values of the monodromy are a multiple of c, and by slightly perturbing a we obtain a regular 
Legendrian foliation on Pl, with compact leaves. 

The second example gives a Legendrian foliation with a codimension 1 singular set. 

Example 1.3.2. Let L be any smooth (n + l)-dimensional manifold with a Riemannian 
metric g. It is well-known that the unit cotangent bundle S(r*L) carries a contact structure 
given as the kernel of the canonical 1-form Acan- The fibers of this bundle are Legendrian 

spheres, hence if we choose any smooth regular loop 7:8^ L, and if we study the fibers 
lying over this path, we obtain the submanifold := 7r~^(7) that has a singular Legendrian 
foliation. 
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In fact, we can naturally decompose T*L\^ into the two subsets C/+ and U- defined as 

U± = {v(^N^\ ±v{i) > 0} . 

These sets correspond in each fiber of to opposite hemispheres. The singular set of 
the Legendrian foliation on Nj is U+ n C/_, and that the regular leaves correspond to the 
intersection of each fiber of with the interior of [/+ and [/_. In particular, if is 
orientable, we obtain that it can be written as 

(S^ X S",xodv9) , 

where is the coordinate on and (xq, • • • the coordinates on S". 

Using the results of Section 2.2, we can perturb A'^ to a submanifold with a regular 
Legendrian foliation composed of two Reeb components. 



4. Legendrian open books 

Even though we discussed Legendrian foliations quite generally, we will only be interested 
in two special types: Legendrian open books introduced in [NRll] and bordered Legendrian 
open books introduced in [MNW12J . Both objects were defined with the aim of generalizings 
results from 3-dimensional contact topology that hold for the 2-sphere with standard foliation 
and the overtwisted disk respectively |BG83L IGro85L IEli90L IHofgS) . 

Definition. Let be a closed manifold. An open book on is a pair (B, i}) where: 

• The binding S is a nonempty codimension 2 submanifold in the interior of with 
trivial normal bundle. 

• i) : N\B — )• S is a fibration, which coincides in a neig hborhoodSxD^ ofB = Bx{0} 
with the normal angular coordinate. 

Definition. If A^ is a compact manifold with nonempty boundary, then a relative open 
book on A^ is a pair {B,!!)) where: 

• The binding i? is a nonempty codimension 2 submanifold in the interior of N with 
trivial normal bundle. 

• '0: N \ B ^ is a fibration whose fibers are transverse to dN, and which coincides 
in a neighborhood B xO"^ oi B = B x {0} with the normal angular coordinate. 

We are interested in studying contact manifolds with submanifolds with a Legendrian 
foliation that either define an open book or a relative open book. 

Definition. A closed submanifold A^ carrying a Legendrian foliation in a contact 
manifold (M, ^) is a Legendrian open book (abbreviated Lob), if A^ admits an open book 
(-B,"!?), whose fibers are the regular leaves of the Legendrian foliation (the binding is the 
singular set of T) . 

Definition. A compact submanifold A^ with boundary in a contact manifold (M, ^) is 
called a bordered Legendrian open book (abbreviated bLob), if A^ carries a Legendrian 
foliation and if it has a relative open book (B, ■!?) such that: 

(i) the regular leaves of J- lie in the fibers of 9, 

(ii) Sing(J^) = dNUB. 

A contact manifold that contains a bLob is called PS-overtwisted. 



5. EXAMPLES OF bLobS 
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Example 1.4.1. (i) Every Lob in a contact 3-manifold is diffeomorphic to a 2-sphere 

with the binding consisting of the north and south poles, and the fibers being the 
longitudes. This special type of Lob has been studied extensively and has given 
several important applications, see for example [BG831, IGro85^ IEli90|, IHof93j . It 
is easy to find such Lobs locally, for example, the unit sphere in with the standard 
contact structure ^ = ker (dz + xdy — y dx) . 

(ii) A bLob in a 3-dimensional contact manifold is an overtwisted disk (with singular 
boundary). 

(iii) In higher dimensions, the plastikstufe had been introduced as a filling obstruction 
|Nie06| . but note that a plastikstufe is just a specific bLob that is diffeomorphic to 

X S, where the fibration is the one of an overtwisted disk (with singular boundary) 
on the D-^-factor, extended by a product with a closed manifold B. Topologically a 
bLob might be much more general than the initial definition of the plastikstufe. For 
example, a plastikstufe in dimension 5 is always diffeomorphic to a solid torus x 
while a 3-manifold admits a relative open book if and only if its boundary is a 
nonempty union of tori. 

The importance of the previous definitions lie in the following two theorems, which will 
be proved in Chapter [2] 

Theorem A ( |Nie06|, IMNW12] ). Let (M, ^) he a contact manifold that contains a 
bLob N , then M does not admit any semi-positive weak symplectic filling {W, uj) for which 
uj\rpj^ is exact. 

The statement above is a generalization of the analogous statement found first for the 
overtwisted disk in |Gro85|. lEliQOj . 

Remark 1.4.2. A bLob obstructs always (semi-positive) strong symplectic filling, because 
in that case the restriction of a; to is exact. 

Remark 1.4.3. In dimension 4 and 6, every symplectic manifold is automatically semi- 
positive. 

Theorem B ( |NRllj ). Let (M, ^) be a contact manifold of dimension {2n + 1) that 
contains a Lob N. If M has a weak symplectic filling (W,io) that is symplectically aspherical, 
and for which a;|j,^ is exact, then it follows that N represents a trivial class in Hn+i(W,Z2). 
If the first and second Stief el- Whitney classes wi{N) and W2{N) vanish, then we obtain that 
N must be a trivial class in Hn+i{W,Z). 

Remark 1.4.4. The methods from |Hof93j can be generalized for Theorem [A| see [A H09j . 
and for Theorem [B| see |NRllj . to find closed contractible Reeb orbits. 

5. Examples of bLobs 

The most important result of these notes is the construction of non-fillable manifolds 
in higher dimensions. The first such manifolds were obtained by Presas in jPreOTj . and 
modifying his examples it was soon possible to show that every contact structure can be 
converted into one that is PS'-overtwisted |KN07j . 

This result was reproved and generalized in [EP09], where it was shown that we may 
modify a contact structure into one that is PS'-overtwisted without changing the homotopy 
class of the underlying almost contact structure. 
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A very nice explicit construction in dimension 5 that is similar to the 3-dimensionaI Lutz 
twist was given in |Mor09j . In |MNW12] the construction was extended and produced 
examples that are not PS-overtwisted but share many properties with 3-manifold that have 
positive Giroux torsion. 

The following unpublished construction is due to Francisco Presas who explained it to me 
during a stay in Madrid. It is probably the easiest way to produce a closed PS'-overtwisted 
manifolds of arbitrary dimensions. 

Theorem 1.5.1 (Fran Presas). Let (Mi,^i) and (M2,^2) be contact manifolds of dimen- 
sion 2n + 1 that both contain a PS-overtwisted suhmanifold {N,^i\j) of codimension 2 with 
trivial normal bundle. The fiber sum of Mi and M2 along N is a PS-overtwisted {2n + 1)- 
manifold. 

Proof. Let oat be a contact form for ^tv- The manifold N has neighborhoods Ui C Mi 
and U2 C M2 that are contactomorphic to 

with contact structure given as the kernel of the 1-form ajv + f'^ d^p |Gei081 Theorem 2.5.15]. 

We can remove the submanifold {0} x in this model, and do a reparametrization of the 
r-coordinate by s = to bring the neighborhood into the form 

(0,e) X §1 X iV 

with contact form un + sdip. We extend Mi \ N and M2 \ N hy attaching the negative 
s-direction to the model collar, so that we obtain a neighborhood 

[{—e,e)x8^xN, a^ + sdip). 

Denote these extended manifolds by (Mi,^i) and {M2,(,2), and glue them together using 
the contactomorphism 

(-e,e) X §1 X iV ^ (-e,e) x x A 
{s,ip,p) H> (-S, -ip,p) . 

We call the contact manifold (M',(^') that we have obtained this way the fiber sum of Mi 
and M2 along A. 

If 5" is a bLob in A, then it is easy to see that {0} x x S" is a bLob in the model 
neighborhood {—e,e) x S-^ x A. □ 

With this proposition, we can now construct non-fillable contact manifolds of arbitrary 
dimension. Every oriented 3-manifold admits an overtwisted contact structure in every ho- 
motopy class of almost contact structures. 

Let (M, ^) be a compact manifold, let OAf be a contact form for ^. A fundamental result 
due to Emmanuel Giroux gives the existence of a compatible open book decomposition for M 
|Gir02j . Using this open book decomposition, it is easy to find functions f,g: M — )• M such 
that 

(M X T^,keT{aM + f dx + gdy)) 

is a contact structure, see [Bou02], where (x,?/) denotes the coordinates on the 2-torus. The 
fibers M x {z} are contact submanifold with trivial normal bundle, so that in particular if 
(M, ^) is P5-overtwisted, we can apply the construction above to glue two copies of M x 
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along a fiber M x {z}. This way, we obtain a PS'-overtwisted contact structure on M x S2, 
where S2 is a genus 2 surface. 

Using this process inductively, we find closed PS'-overtwisted contact manifolds of any 
dimension > 3. 

Note that in dimension 5, we can find more easily examples to which we can apply 
Theorem 1.5.1, so that it is not necessary to rely on [Bou02] . Let (M, ^) be an overtwisted 
3-manifold with contact form a. After normalizing a with respect to a Riemannian metric, 
it describes a section 

CT„: M^S(r*M) 

in the unit cotangent bundle. It satisfies the fundamental relation u* Acan = oi, hence it gives 
a contact embedding of (M,^) into (S(r*M), ker Acan) • 

For trivial normal bundle, this allows us to glue with Theorem 1.5.1 two copies together 
and obtain a PS'-overtwisted 5-manifold. 



CHAPTER 2 



Behavior of J-holomorphic disks imposed by convexity 



The following section only fixes notation, and explains some well-known facts about J- 
convexity. With some basic knowledge on J-holomorphic curves, one can safely skip it and 
continue directly with Section [2| which describes the local models around the binding and the 
boundary of the Lobs and bLobs and the behavior of holomorphic disks that lie nearby. The 
next two sections include a description about moduli spaces and their basic properties, but 
most results are only explained in an intuitive way without giving any proofs. The fifth section 
deals with the Gromov compactness of the considered moduli spaces, and the chapter finishes 
proving the two applications that relate a Lob or a bLob to the topology of a symplectic filling. 

1. Almost complex structures and maximally foliated submanifolds 
1.1. Preliminaries: J-convexity. 

1.1.1. The maximum principle. One of the basic ingredients in the theory of J-holomorphic 
curves with boundary is the maximum principle, which we will now briefly describe in the 
special case of Riemann surfaces. We assume in this section that is a Riemann sur- 

face that does not need to be compact and may or may not have boundary. We define the 
differential operator d? that associates to every smooth function / : S — )• M a 1-form given by 

[d^f)[v) ■.= -df{jv) 

for V £ TS. 

Definition. We say that a function /: (S, j) — ^ M is 

(a) harmonic if the 2-form dd^ f vanishes everywhere, 

(b) it is subharmonic if the 2-form dd^ f is a positive volume form with respect to the 
orientation defined by {v,jv) for any non-vanishing vector v S TT,. 

(c) If / only satisfies 

dd^f{v,jv) > 
then we call it weakly subharmonic. 

In particular, if we choose a complex chart (JJ C C, (fj for S with coordinate z = x + iy, 
we can represent f hy fjj := f o (f)~^ : U — t- M. The 2-form dd^ f simplifies on this chart to 
dd^fjj, because (p is holomorphic with respect to j and i, and we can write dd^fjj in the form 
(A/u^) dx A dy, where the Laplacian is defined as 

Qrj.2 Qy2 

Note that fu is subharmonic, if and only if dd^fi/{dx,dy) > 0, that means, Afu > 0. 

For strictly subharmonic functions, it is obvious that they may not have any interior 
maxima, because the Hessian needs to be negative definite at any such point. We really 
need to consider both weakly subharmonic functions and the behavior at boundary points. 
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2. BEHAVIOR OF J-HOLOMORPHIC DISKS IMPOSED BY CONVEXITY 



To prove the maximum principle in this more general setup, we use the following technical 
result. 

Lemma II. 1.1. Let /: C C — )• M 6e a function that is on the closed unit disk, 
and both and weakly subharmonic on the interior of the disk. Assume that f takes its 
maximum at a boundary point zq £ and is everywhere else strictly smaller than f{zo). 

— 2 

Choose an arbitrary vector X G T^^C at zq pointing transversely out o/D . 
Then the derivative Cxfizo) in X-direction needs to be strictly positive. 

Proof. We will perturb / to a strictly subharmonic function making use of the auxiliary 

— 2 

function g: O — t- M defined by 

9{r) =r - -r + -. 

0.3- \ 
02- \ 




Figure 1. The function g[r) is subharmonic, vanishes on the boundary, and 
has negative radial derivative. 

The function g vanishes along the boundary 5D^, and its derivative in any direction v 
that is positively transverse to the boundary is strictly negative, because d^g = and 
because 

1 



rdrg = - r^ (8r^ - 9) . 

Finally, we also see that g is strictly subharmonic on the open annulus A 
\z\ < 1} as 

d'^g , d'^g 



{z e C 1 3/4 < 



A5 



16r^ - 9 . 



We slightly perturb / by setting = / + e (7 for small e > 0, and we additionally restrict 
fe to the closure of the annulus A. Note in particular that fe must take its maximum on 9A, 



d^fe 



or 



7hp~ 



must 



because fe is strictly subharmonic on the interior of A so that one of 
be strictly positive. This contradicts existence of possible interior maximum points. The 
functions fs are equal to / along the outer boundary of A so that the maximum of fs will 
either lie in zq or on the inner boundary of A. 

The initial function / is by assumption strictly smaller than f{zQ) on the inner boundary 
of the annulus and by choosing e sufficiently small, it follows that the perturbed function 

will still be strictly smaller than feizo) = f{zo). Thus zq will also be the maximum of fs. Let 

— 2 

X be a vector at zq that points transversely out of D . The derivative Hxfe at cannot be 
strictly negative, because is a maximum, and so since 

^<Lxfe=i:-xf^el^x9. 
the derivative of / in X-direction has to be strictly positive, yielding the desired result. □ 
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Now we are prepared to state and prove the maximum principle. 

Theorem II. 1.2 (Weak maximmn principle). Let (S, j) be a connected compact Riemann 
surface. A weakly suhharmonic function / : S — )• R that attains its maximum at an interior 
point zq \ dTi must he constant. 

Proof. The proof is classical and holds in much greater generality (see for example |GT01) ). 
Nonetheless we will explain it in the special case needed by us to show that it only uses ele- 
mentary techniques. The strategy is simply to find a closed disk in the interior of the Riemann 
surface with the properties required by Lemma II. 1.1 Then the function / increases in radial 



direction further, so that the maximum point was not really a maximum. 




K = f-\C+) 



Figure 2. Constructing a disk that has a single maximum on its boundary. 

More precisely, assume / not to be constant, and to have a maximum at an interior point 
z+ G S \ as with C+ := f{z+). The subset K := f'^{C+) n S is closed in S. For every point 
z G X , we find an i2z > such that the open disk [z) is contained in some complex chart. 
There must be a point zq ^ K for which the half sized disk D^^^I2{zq) intersects Ti\K, for 

otherwise K would be open and hence as E is connected, K = Ti. 

Let p be a point in D^_^^j2{zo) \ ^ (see Fig.l2|. It lies so close to zq that the entire closed 



disk of radius |p — zqI lies in the chart U, and then we can choose first a disk ID)_r(p) centered 
at p, where R is the largest number for which the open disk does not intersect /~^(C+). We 
are interested in finding a closed disk that intersects /~^(C+) at a single boundary point: For 
this let q be the mid point between p and one of the boundary points in 9D^(p) n /^^(C+). 
The disk D^y2(<?) touches /^^(C+) at exactly one point. 



This smaller disk satisfies the conditions of Lemma II. 1.1, and so it follows that the 
derivative of / at the maximum is strictly positive in radial direction. But since this point 
lies in the interior of S, it follows that / still increases in that direction and hence this 
point cannot be the maximum. Of course, the whole existence of the disk was based on the 
assumption that / was not constant, so we obtain the statement of the theorem. □ 

If S has boundary, we also get the following refinement. 

Theorem II. 1.3 (Boundary point lemma). Let f : S — )• M be a weakly subharmonic func- 
tion on a connected compact Riemann surface (S,j) with boundary. Assume f takes its 
maximum at a point G 9S, then f will either he constant or the derivative at 2;+ 

Cxf{z+) > 
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in any outward direction X G S has to he strictly positive. 



Proof. Denote the maximum f{z+) by C+. By the maximum principle, Theorem II. 1.2 
we know that / wih be constant if there is a point z G S \ 9S for which f[z) = C+. We can 
thus assume that for ah z ^ 5S, we have / < C+. Using a chart U around the point z+, that 
represents an open set in H := {z S C| Imz > 0}, such that Zj^ corresponds to the origin, we 
can easily find a small disk in H that touches dM. only in 0, and hence allows us to directly 



apply Lemma II. 1.1 to complete the proof. □ 



1.1.2. Plurisuhharmonic functions. We will now explain the connection between the pre- 
vious section and contact topology. 

Let {W, J) be an almost complex manifold, that means that J is a section of the endo- 
morphism bundle End(rM) with = —1. Define the differential d'^/ of a smooth func- 
tion / : — )• M as before by 

{d'f){v) :=-df{J.v) 

for any vector v G TW. 

Definition. We say that a function h: W ^'R is J-plurisubharmonic, if the 2-form 

ojh ■= dd^ h 

evaluates positively on J-complex lines, that means that tVhiv, Jv) is strictly positive for every 
non-vanishing vector v G TW. 

If ujfi vanishes, then we say that h is J-harmonic. 

Remark II. 1.4. (1) If h is J-plurisubharmonic, then lo^ is an exact symplectic form 
that tames J. 

(2) If ujfi is only non-negative, then we say that h is weakly J-plurisubharmonic. 
This notion might be for example interesting in the context of confoliations. 

Let be a Riemann surface that does not need to be compact, and may or may not 

have boundary. We say that a smooth map u: S — )• is J-holomorphic, if its differential 
commutes with the pair (j, J), that means, at every z G S we have 

J • Du = Du ■ j . 

Using the commutation relation, we easily check for every J-holomorphic map u and every 
smooth function / : [/ — t- M the formula 

(1.1) u*d'^f = -df ■ J ■Du = -df ■Du-j = -d{f o u) ■ j = d\f o u) = d^u*f . 

Corollary II. 1.5. If u: — ^ {W,J) is J-holomorphic and h: W ^ R is a J- 
plurisubharmonic function, then ho u will be weakly suhharmonic, because 

dd^{h ou) = du*d-^h = u*dd-^h 

and because the differential Du commutes with the complex structures, so that 

dd^hou){v,jv) = dd-^h{Du-v,J ■ Du-v) >0 

for every vector v G TS. The function is strictly positive precisely at points z £ U, where 
Duz does not vanish. 

The maximum principle restricts severely the behavior of holomorphic maps: 
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Corollary II. 1.6. Let u: (S, j) — > {W, J) be a J -holomorphic map and h: W ^ R be a 
J -plurisubharmonic function. If u is not a constant map then /i o n : S — t- M will never take 
its maximum on the interior ofT,. 

Proof. Since h o u is weakly subharmonic, it follows immediately from the maximum 



principle (Theorem II. 1.2) that hou must be constant if it takes its maximum in the interior 
of S, and hence d{h o u) = 0. On the other hand, we know that if there were a point z E S 
with DzU 7^ 0, then uJh{Du ■ v, Du ■ jv) would need to be strictly positive for non-vanishing 
vectors. This is not possible though, because u*ujh = dd^{h o u) = 0. □ 

Corollary II. 1.7. Let he a Riemann surface with boundary, u: — )• iyV,J) a 

J -holomorphic map and h: W ^R be a J -plurisubharmonic function. If hou: S — )• M takes 
its maximum at zq G dT, then it follows either that d{h o u){v) > for every vector v G T^qS 
pointing transversely out of the surface, or u will be constant. 

Proof. The proof is analogous to the previous one, but uses the boundary point lemma 



(Theorem II. 1.3) instead of the simple maximum principle. □ 



Remark II. 1.8. Note that if h is only weakly plurisubharmonic, then we can only deduce 
in the two corollaries above that u has to lie in a level set of h, and not that u itself must be 
constant. 

1.1.3. Contact structures as convex boundaries. Now we will finally explain the relation 
between plurisubharmonic functions and contact manifolds. 

Definition. Let {W, J) be an almost complex manifold with boundary. We say that 
W has J-convex boundary, if there exists a smooth function h: W ^ (— oo,0] with the 
properties 

• h IS J-plurisubharmonic on a neighborhood of dW, 

• /i is a regular equation for dW, that means, is a regular value of h and dW = h~^{0). 

Note that the function h in the definition takes its maximum on dW, so that it must be 
strictly increasing in outward direction. 

We will show that the boundary of an almost complex manifold is J-convex if and only if 
it carries a natural cooriented contact structure (whose conformal symplectic structure tames 
J). Remember that we are always assuming our contact manifolds to be cooriented. Hence 
the manifold is oriented, and its contact structure will have a natural conformal symplectic 
structure. 

Definition. Let M be a codimension 1 submanifold in an almost complex manifold 
{W, J). The subbundle of complex tangencies of M is the J-complex subbundle 

^ := TM n (J • TM) . 

Proposition II. 1.9. Let {W, J) be an almost complex manifold with boundary M := dW 
and let ^ be the subbundle of complex tangencies of M . We have the following equivalence: 

(1) The boundary M is J-convex. 

(2) The subbundle ^ is a cooriented contact structure whose natural orientation is com- 
patible with the boundary orientation of M , and whose natural conformal symplectic 
structure tames J\^. 



24 



2. BEHAVIOR OF J-HOLOMORPHIC DISKS IMPOSED BY CONVEXITY 



Proof. To prove the direction "(1) =^ (2)", let h be the J-plurisubharmonic equation 

of M that exists by assumption. A straight forward calculation shows that the kernel of the 
1-form a := d'^h\^j^ is precisely ^, and in particular that a does not vanish. Furthermore 
da\rpj^ = ujh\rpj^^ is a symplectic structure on ^ that tames J|^, so that a is a contact form. 
To check that a A da^~^ is a positive volume form with respect to the boundary orientation 
induced on M by {W, J), let be the Reeb field of a, and define a vector field Y = —JRa- 
The field Y is positively transverse to dW , because £y/i = dh{Y) = d'^h{Ra) = C({Ra) = 1 
is positive. Choosing a basis (f i, . . . , V2n-2) for ^ at a point p G M, we compute 

a A da"''^ {Ra, Vi, . . . , V2n-2) = da"'~^ {vi,..., V2n-2) = i^h~^ {vi,..., V2n-2) ■ 

Similarly, we obtain 

Ujl(Y,Ra,Vi, . . .,V2n-2) = nUJh{Y,Ra) ■ Lo\['^[vi, . . .,V2n-2) 

= nUJh{Ra,JRa) ■0J^~^{vi,...,V2n-2) , 

where we have used that uJhiRa,Vj) = da{Ra,Vj) = for all j G {1, . . . ,n — 1}. The first 
term uJh{Ra, JRa) is positive, and hence a/\da'^~^ and tyw^ induce identical orientations on 
M. 

To prove the direction "(2) (1)", choose any collar neighborhood (—£,0] x M for the 
boundary, and let t be the coordinate on (— e,0]. First note that a = d'^t\j,j^ is a non- 
vanishing 1-form with kernel ^, so in particular it will be contact. Let R^ be the Reeb field 
of a, and set Y := —JRa- As before, the field Y is positively transverse to M, because of 
jCyt = -dt{JRa) = a{Ra) = 1. 

Let C be a large constant, whose size will be determined below, and set h{t,p) := e*^* — 1. 
Clearly, h is a regular equation for M, and we claim that for sufficiently large C, h will be a 
J-plurisubharmonic function. 

Let V G TpW be any non-vanishing vector at p G M and represent it as 



V = oY + bRa + cZ , 



where Y and i?„ were defined above, and Z G ^ is a vector in the contact structure that 
has been normalized such that da{Z, J Z) = 0Jt{Z, JZ) = 1. Note that the 1-form ac = 
d''h\rpj^ = Ce*^* a is a contact form that represents the same coorientation as a. 

We compute oo^ = dd'^h = Ce*^* {ujt + C dt A d^t) , which simplifies for t = further to 
ojh = C (cot + C dt A d^t) and so we have 

Uh{Ra,-) = C{uJt{Rar)-Cdt) and UJh{Y,-) = C {uJt{-,J Ra) + C dh) 

This implies uJh{Ra, Z) = iOh{Ra, JZ) = for all Z G ^, and uJhiY, Ra) = C"^ + C uJt{Ra, JRa) 
can be made arbitrarily large by increasing the size of C. With these relations we obtain 

a;/j('u, Jv) = ojfi{aY + bRa + cZ, aRa — bY + cJZ) 

= {a^ + 6^) ojh{Y, Ra) + ooh{Z, JZ) + acuJh{Y, JZ) + bcujfi{Y, Z) 

= {a^ + 6^) (C2 + 0(C)) + C (c^ cut{Z, JZ) + accotiY, JZ) + bcuJt{Y, Z)) 
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and setting Aa = (^tO^, JZ) and Ai, = uJt{Y, Z) and using that ujtiZ, JZ) = 1 
= (a^ + b^) {C^ + 0{C)) + C{c^ + Aaac + A6c) 

= (a^ + h') {C^ + 0{C)) + f ((c + aA^f - a^Al + (c + bA,f - h^At) 

= a" + 0(C)) + }? + 0(C)) + ^ ((c + aA^)^ + (c + 6^)') • 

By choosing C large enough, we can ensure that the c?- and 6^-coefficients are both pos- 
itive. Then it is obvious from the computation above that cj/i tames J, and hence h is 
J-plurisubharmonic. □ 

1.1.4. Legendrian foliations in convex boundaries. 

Definition. A totally real submanifold N of an almost complex manifold (W, J) is a 
submanifold of dimension dimA^ = ^ diml^ that is not tangent to any J-complex line, that 
means, TN D {JTN) = {0}, which is equivalent to requiring 

TW\j^ = TN®{JTN) . 



Proposition II. 1.10. Let (W, J) be an almost complex manifold with J-convex boundary 
(M, ^). Assume N is a submanifold of M for which the complex tangencies ^ induce the 
Legendrian foliation T = TN n ^. Then it is easy to check that N \ Sing(J^) is totally real. 

Proof. If X G TN is a non- vanishing vector with JX also in TN ^ then in particular 

X eTNr\ (JTN) C TM n ( JTM) = ^ , 

so that X and JX have to lie in J-". The 2-form da tames so that da{X, JX) > 0, but 
da\jr vanishes at regular points of the foliation, and hence X must be 0. □ 

We will next study the restrictions imposed by a Legendrian foliation on J-holomorphic 
curves. Let (5],j) be a compact Riemann surface with boundary, and let j4 be a subset of 
an almost complex manifold {W, J). We introduce for J-holomorphic maps u: ^ W with 
u{dT,) C A the notation 

u: (S,9S,i) ^ {W,A,J) . 
Note that we are always supposing that u is at least along the boundary. 

Corollary II. 1.11. Let (W, J) be an almost complex manifold with convex boundary (M, (^). 
Let N ^ M be a submanifold with an induced Legendrian foliation T , and let u be a J- 
holomorphic map 

u: {^,d^,j) ^ (IF,iV\Sing(^),J) . 
// there is an interior point zq €z T,\ dT, at which u touches M, or if du is not positively 
transverse to T , then u is a constant map. 

Proof. Choose a J-plurisubharmonic function h: W ^ M. that is a regular equation 
for M. The first implication follows directly from Corollary |II.1.6 because zq would be an 
interior maximum for ho u. 

For the second implication note first that h o u takes its maximum on 5S so that if u is 



not constant, we have by Corollary II. 1.7 that the derivative Cy{ho u) is strictly positive for 



every point zi E and every vector v G T^^S pointing out of E. Now if G TS is a vector 
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that is tangent to dT, such that jw points inward (so that w corresponds to the boundary 
orientation of dT,, because {—jw,w) is a positive basis of TS), we obtain 

a{Du ■ w) = —dh[JDu ■ w) = —dh{Du ■ jw) = —d{h o u){jw) > . 

The boundary of du has thus to be positively transverse to S,, and so it is in particular 
positively transverse to the Legendrian foliation J^. □ 

Note that the result above applies only for holomorphic maps that are along the 
boundary. 

1.2. Preliminaries: w-convexity. Above we have explained the notion of J-convexity, 
and the relevant relationship between contact and almost complex structures. In this section, 
we want to discuss the notion of w-convexity, that means the relationship between an (almost) 
symplectic and a contact structure. 

In fact, we are not interested in studying almost complex manifolds for their own sake, 
but we would like to use the almost complex structure to understand instead a symplectic 
manifold {W,uj). As initiated by Gromov, we introduce an auxiliary almost complex structure 
to be able to study J-holomorphic curves in the hope that even though the J-holomorphic 
curves depend very strongly on the almost complex structure chosen, we'll be able to extract 
interesting information about the initial symplectic structure. 

For this strategy to work, we need the almost complex structure to be tamed by uj, that 
means, we want 

Lo{X, JX) > 

for every non-vanishing vector X G TW. This tameness condition is important, because it 
allows us to control the limit behavior of sequences of holomorphic curves (see Section [s]). 

As explained in the previous section, J-convexity is a property that greatly helps us in 
understanding holomorphic curves in ambient manifolds that have boundary. When (W, uj) 
is a symplectic manifold with boundary M = dW, we would thus like to chose an almost 
complex structure J that is 

• tamed by uj, and 

• that makes the boundary J-convex. 

In particular, if such a J exists, we know that the boundary admits an induced contact 
structure 

^ = TM n (J • TM) . 

Prom the symplectic or contact topological view point, the opposite setup would be more 
natural though: given a symplectic manifold (W,uj) with contact boundary (M, ^), can we 
choose an almost complex structure J that is tamed by uj, and that makes the boundary 
J-convex such that is the bundle of J-complex tangencies? 

The general answer to that question was given in |MNW12] . 

Definition. Let (M, ^) be a cooriented contact manifold of dimension 2n — 1, and let 
{W, uj) be a symplectic manifold whose boundary is M. Let a be a positive contact form for 
^, and assume that the orientation induced by a A da^~^ on M agrees with the boundary 
orientation of {W,uj). We call {W,uj) a weak symplectic filling of (M, ^), if 

a A [Tda + ujY^^ > 

for every T G [0, oo). 



1. ALMOST COMPLEX STRUCTURES AND MAXIMALLY FOLIATED SUBMANIFOLDS 
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The proofs of the fohowing statements are very lengthy, hence we wih omit the proofs 
referring instead to the Appendix of |MNWT2] for more details. 

Theorem II. 1.12. Let (M, ^) be a cooriented contact manifold, and let {W,uj) be a sym- 
plectic manifold with boundary M = dW . The following two statements are equivalent 

• {W^oo) is a weak symplectic filling of (M, ^). 

• There exists an almost complex structure JonW that is tamed by uj and that makes 
M a J-convex boundary whose J-complex tangencies are ^. 

Furthermore the space of all almost complex structures that satisfy these conditions is 
contractible (if non-empty). 

A weak filling is a notion that is relatively recent in higher dimensions; traditionally it is 
the concept of a strong symplectic filling that has been studied for a much longer time. Let 
{W, u) be a symplectic manifold. A vector field is called a Liouville vector field, if it 
satisfies the equation 



Definition. Let (M, ^) be a cooriented contact manifold, and let {W,uj) be a symplectic 
manifold whose boundary is M. We call {W,uj) a strong symplectic filling of (M, ^), if 
there exists a Liouville vector field Xl on a neighborhood of M such that A := (tx^w) j^^^ is 
a positive contact form for ^. 

It is easy to see that a strong filling is in particular a weak filling. Note that the symplectic 
form of a strong filling becomes always exact when restricted to the boundary, but that this 
needs not be true for a weak filling; if it is then it will usually still not be a strong symplectic 
filling, but by Corollary II.1.15| it can deformed into one. 



Lemma II.1.13. Let (W,uj) be a symplectic manifold and let M be a hypersurface (possibly 
a boundary component of W) together with a non-vanishing 1-form A. Assume that the 
restriction of uj to ker A is symplectic. 

Then there is a tubular neighborhood of M inW that is symplectomorphic to the model 

{(-e,e) X M, d{t\) + uj\t^.j) , 

where t is the coordinate on the interval {—£,£). The 0-slice {0} x M corresponds in this 
identification to the hypersurface M. If M is a boundary component ofW then of course we 
need to replace the model by (— e, 0] x M or by [0,e) x M depending on whether A A w"^"'^ is 
oriented as the boundary of iyV, uj) or not. 

For the proof see |MNWT2| Lemma 2.6]. 

Proposition II. 1.14. Let {W,cj) be a weak filling of a contact manifold (M,^), and let 
be a 2-form on M that is cohomologous to Choose a positive contact form a for 

(M, ^). Then if we allow C > to be sufficiently large, we can attach a collar [0,C] x M to 
W with a symplectic form ujc that agrees close to {C} x M with d(^taj + Q, and such that the 
new manifold is a weak filling of [{to} x M, ^) for every to G [0, C] . 

The proof can be found in [MNW12| Lemma 2.10]. 

Corollary II. 1.15. Let {W,uj) be a weak symplectic filling of [M,^) and assume that uj 
restricted to a neighborhood of M is an exact symplectic form. Then we may deform uj on a 
small neighborhood of M such it becomes a strong symplectic filling. 
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Proof. Since ijj\rpj^j is exact, we can apply the proposition above with 17 — 0. Afterwards 
we can isotope the cohar back into the neighborhood of the boundary of W. □ 

Note that two contact structures that are strongly filled by the same symplectic manifold 
are isotopic, while a symplectic manifold may be a weak filling of two different contact man- 
ifolds. This is true even when the restriction of the symplectic structure to the boundary is 
exact, see |MNW121 Remark 2.11]. 

2. Holomorphic curves and Legendrian foliations 

Let (W, J) be an almost complex manifold with J-convex boundary (M, and let C M 
be a submanifold carrying a Legendrian foliation J^. The aim of this section will be to better 
understand the behavior of J-holomorphic maps 

u: {J:,d^,j)^{W,N,J) , 

that lie close to a singular point p £ Sing(J^) of the Legendrian foliation. For this we will 
assume that J is of a very specific form in a neighborhood of the point p. 

2.1. Existence of J-convex functions close to totally real submanifolds. As a 

preliminary tool, we will need the following result. 

Proposition II. 2.1. Let {W,J) be an almost complex structure that contains a closed 
totally real submanifold L. Then there exists a smooth function f:W^ [0,oo) with L = 
f~^{0) that is J -plurisubharmonic on a neighborhood of L. In particular, it follows that 
dfp = Q at every point p £ L. 

Proof. We will first show that we find around every point p £ L a chart U with coordi- 
nates {(xi, . . . , Xn', yi, . . . , Vn)} C M^" such that LnU = {yi = ■ ■ ■ = Vn = 0} and 

_d_ 

Lnu 9yj \Lnu 

For this, start by choosing coordinates {(xi, . . . , C M" for the submanifold L around the 
point p, and consider the associated vector fields 

Y,=J—,...,Yn = J 



dxj 



? • • • ; n o 

OXi OXn 

along L. These vector fields are everywhere linearly independent and transverse to L, hence, 
we can define a smooth map from from a small ball around in M?"^ = {(xi, . . . , x„; yi, . . . , yn)} 
to W by 

yi Yi(xi, . . . ,x„) H h ynYi{xi, . . . ,x„) i-^ exp(yi Yi -\ h yn'i^i) , 

where exp is the exponential map for an arbitrary Riemannian metric on IF. If the ball is 
chosen sufficiently small, the map will be a chart with the desired properties. 
For such a chart U, we will choose a function 

fu-U [0,oo), (xi,...,x„;yi,...,yn) ^ ^ (?/i H ^ vl) ■ 

It is obvious that both the function itself, and its diff'erential vanish along LCiU. Furthermore 
/ is plurisubharmonic close to LCiU, because 

dd-^fu = d{yi d-^yi + • • • + y„ d-^yn) 

= dyi A d-^yi H \- dyn /\ d'^Vn + Vi dd'^yi H h y„ dd'^yn 
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simplifies at LOU to 

dd-^fu\^^^ = dxi A dyi -\ h dxn A dyn , 

where we have used that ah yj vanish, and that J = ^ and J -M- = -J^ = — . It is 

3 ^3 ^3 3 J 

easy to check that this 2-form evaluates positively on complex lines along L nU, and hence 
also in a small neighborhood of p. 

Now to obtain a global plurisubharmonic function as stated in the proposition, cover 
L with finitely many charts Ui, . . . , Um , each with a function fi, ■ ■ ■ , /n according to the 
construction given above. Choose a subordinate partition of unity pi, . . . , pN, and define 

N 

The function / and its differential df = ^jLi {Pj dfj + fj dpj^ vanish along L so that the only 
term in 

N 



dd'f = dY,{P3d'f,+f,d-'p,] 



N 

= ^ [pj dd-^fj + dpj A d-^fj + fj dd-^pj + dfj A d-^ pj) 
i=i 

that survives along L is the first one, giving us along L 

N 

dd'f = J2pjdd'fj . 
j=i 

This 2-form is positive on J-complex lines, and hence there is a small neighborhood of L 
on which / is plurisubharmonic. Finally, we modify / to be positive outside this small 
neighborhood so that we have L = /~^(0) as required. □ 

Corollary II. 2. 2. Let (W, J) be an almost complex structure that contains a closed 
totally real submanifold L. Then we find a small neighborhood U of L for which every J- 
holomorphic map 

u: (VF,L,J) 
from a compact Riemann surface needs to be constant if u(T,) C U. 



Proof. Let f:W^ [0,oo) be the function constructed in Proposition II. 2.1, and let 



U C (W, J) be the neighborhood of L, where / is J-plurisubharmonic. Because u{T,) C U, 



we obtain from Corollary II. 1.6 that / on must take its maximum on the boundary of S, but 
because /on is zero on all of 5S, it follows that fou will vanish on the whole surface S. The 
image lies then in the totally real submanifold L, and this implies that the differential 
of u vanishes everywhere. Hence there is a qo G L with u{z) = qo for all z £ Ti. □ 

2.2. J-holomorphic curves close to elliptic singularities of a Legendrian folia- 
tion. The aim of this section will be to show that for a suitable choice of an almost complex 
structure, elliptic singularities give birth to a family of holomorphic disks, and that apart 
from these disks and their branched covers, no other holomorphic disks may get close to the 
elliptic singularities. 
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Before studying the higher dimensional case, we will construct a model situation for a 
4-dimensional almost complex manifold with convex boundary. 

2.2.1. Dimension 4. Consider with its standard complex structure i. Then it is easy 
to check that h{zi,Z2) = \ {\zi'f' + |-Z2p) is a plurisubharmonic function whose regular level 
sets are the concentric spheres around the origin. We choose the level set M = /i^^(l/2), 
that is, the boundary of the closed unit ball W := oo, 1/2]) that is z-convex and has 

the induced contact form 

ao = c^^^l^A// = xi dyi - yi dxi + X2 dy2 - y2 dx2 ■ 

We only want to study a neighborhood U of (0, 1) in W . Embed a small disk by the map 



$: z H> (z, y 1 - \z\^) 

into MnU, and denote the image of 4> by A'^o- This submanifold is the intersection of M = 
with a hyperplane whose Z2-coordinate is purely real. The restriction of oq to Nq reduces to 

(2.1) ao\rpj^^^ = ^*ao = xdy - ydx , 

so that the Legendrian foliation has at the origin an elliptic singularity (of the type described 
in Section 2.1 ). 

Let U be the subset 

U = {{zi,Z2) G I Re{z2) > l-5}n/i-^((-oo,l/2]) 

for small 6 > 0, that means, we take the unit ball and cut off all points under a certain 
X2-height. 

The following propositions explain that there is essentially a unique holomorphic disk 
with boundary in A^o passing through a given point (zi, Z2) £ NqCiU. All other holomorphic 
curves with the same boundary condition will either be constant or will be (branched) covers 
of that disk. 

Proposition II. 2. 3. Denote the intersection of U with the complex plane C x {x} for 
X G (1 — (5, 1) by Lx- For every X2 G (1 — S, 1), there exists a unique injective holomorphic 
map 

Ux,: (D2,aD2) ^ (L,,,9L,,) 
that satisfies Ux2(0) = (0,X2) and Ux2(l) G {(xi,X2) GU\xi> 0}. 

The last two conditions only serve to fix a parametrization of a given geometric disk. 
Proof. The desired map can be explicitly written down as 

Ux^iz) = {CZ,X2) 

with C = yr 



x. 



To prove uniqueness assume that there were a second holomorphic map 

Ux,: {lf,dlf) ^ {Lx,,dLx,) 

with the required properties. It is clear that Lx2 = {{x + iy,X2) G | + < 1 — x^} is 
a round disk. 

By Corollary II.l.ll , the restriction Ux2 \Qfs,2 of the map to the boundary has non- vanishing 
derivative, and it is by assumption injective, hence it is a diffeomorphism onto dLx2- This 
proves that Ux2 has to be for topological reasons surjective on Lx2 (otherwise we could con- 
struct a retract of the disk onto its boundary) . Note also that the germ of a holomorphic map 
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around the origin in C is always biholomorphic to z for some integer /c G No, so that 

the differential of niay not vanish anywhere, because otherwise u^j could not be injective. 
Together this allows us to define a biholomorphism 

with (/'(O) = and ^^(l) = 1, but the only automorphism of the disk with these properties is 
the identity, thus showing that = 'u.^^ ■ D 

Proposition II. 2. 4. Let 

u: ^ iU,No;i) 

be any holomorphic map from a connected compact Riemann surface (S, j) to U with u^d'S) C 

Either u is constant or its image is one of the slices = C/H (C x {X2}) .Ifuis injective 
at one of its boundary points, then S will be a disk, and after a reparametrization by a Mobius 
transformation, u will be equal to the map given in Proposition II. 2. 5| 



Proof. Note that we are supposing that u is at least on the boundary so that by 



Corollary II. 1.11 the map u will be constant if it touches the elliptic singularity in A^. 

The proof of the proposition will be based on the harmonicity of the coordinate func- 
tions xi, yi, X2, and ^2- Let /: ?7 — )■ M be the function {zi,Z2) ^ V2 = Im(2;2)- Since 
S is a compact domain, the function f o u attains somewhere on S its maximum and its 



minimum, and applying the maximum principle. Corollary II. 1.6 to / o n itself and also to 
— / o n, we obtain that both the maximum and the minimum have to lie on 9S. But since 
u{dTj) C A'^o has vanishing imaginary Z2-part, it follows that / o u = on the whole surface. 
Using now the Cauchy- Riemann equations, it immediately follows that the real part of the 
2;2-coordinate of u has to be constant everywhere. We can deduce that the image of u has to 
lie in one of the slices Lx2 = C x {X2}, and in particular the boundary u{dTi) lies in the circle 
dLx2 = {{x + iy,X2) S | + y2 = 1 -x^}. 

Assume that u is not constant. Since u lies in Lx2, we can use the map Ux2 from Propo- 



sition II. 2. 3 to define a holomorphic map 

If u were not surjective on Lx2 , we could suppose (after a Mobius transformation on the target 
space) that the image of 93 does not contain 0. The function h{z) = — ln|2;| on \ {0} is 
harmonic, because it is locally the real part of a holomorphic function, and because h o Lp 
would have its maximum on the interior of S, we obtain that h o (p is constant, so that the 
image of if lies in dO^. The image of a non-constant holomorphic map is open, and hence u 
must be constant. 

Assume now that u is injective at one of its boundary points. As we have shown in Propo- 
sition II. 2. 3 the restriction u\g-^ : dT, — )• dLx2 will be a diffeomorphism for each component of 
dT, so that must be connected. Furthermore, it follows that u will also be injective on a 
small neighborhood of dLx2, because if we find two sequences (zfc)^ and (-Zfc)fc coming arbitrar- 
ily close to dT, with u{zk) = u{zk) for every k, then after assuming that they both converge 
(reducing if necessary to subsequences), we see by continuity that \imu{zk) = limu(zfc) and 
lim Zk, lim Zk G 5S, so that we can conclude that lim z^ = lim Zk- Using that the differential of 
u in lim Zk is not singular, we obtain that for k sufficiently large, we will always have z^ = z^ 
showing that u is indeed injective on a small neighborhood of 9S. 
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Assume zq & Ti is a point at which the differential Dip vanishes. Then we know that 93 
can be represented in suitable charts as z 1— )• z*^ for some G N, but ii k > 1 this yields a 
contradiction, because we know that (p is a biholomorphism on a neighborhood of dT,, and 
hence its degree must be 1. Since (p is holomorphic, it preserves orientations, so that on the 
other hand, we would have that the degree would need to be at least k, if there were such a 
critical point. 

We obtain that ip has nowhere vanishing differential, and hence it must be a regular cover, 
but since it is of degree 1, it is in fact a biholomorphism, and S must be a disk. □ 

2.2.2. The higher dimensional situation. In this section, L will always be a closed mani- 
fold, and we will choose for T*L an almost complex structure Jl for which the 0-section L is 



totally real, so that there is by Proposition II. 2.1 a function : T*L — >• [0, 00) that vanishes 



on L (and only on L) and that is plurisubharmonic on a small neighborhood of L. 

As before, we will first describe a very explicit manifold that will serve as a model for the 
neighborhood of an elliptic singularity. Let x T*L be the almost complex manifold with 
almost complex structure J = i (B Jl, where i is the standard complex structure on C^. We 
define a function / : x T*L -)■ [0, 00) by 

f{zi,Z2,q,p) = ^ (l^il^ + \Z2\^) + /L(q,p) 

If we stay in a sufficiently small neighborhood of the 0-section of T*L, this function is clearly 
J-plurisubharmonic and we denote its regular level set /~^(l/2) by M; its contact form is 
given by 

a := d-^f\rp]^j = {xi dyi - yi dxi + X2 dy2 - y2 dx2 + | • 

Now we define a submanifold in M as the image of the map 

X L M C X T*L 



given by $(2;;q) = yz,yl — |2;|^;q, Oj, that means, the image of ^ is the product of the 
0-section in T*L and the submanifold Nq given in the previous section. The submanifold has 
a Legendrian foliation induced by 

a\rpj^ = (^*d^ f = xdy — ydx . 

In particular, the leaves of the foliation are parallel to the L-factor in X L and F has an 
elliptic singularity in {0} x L. 

Note that both the almost complex structure as well as the submanifold A^ split as a 
product, thus if we consider a holomorphic map 

u : (S, aS; j) (C^ x T*L, A; j) , 

we can decompose it into u = (ui, U2) with 

m: (S,aS;j)^(C2,Aro;i) 

U2: {T.,d^;j)^{T*L,L;JL) . 

This allows us to treat each factor independently from the other one, and we will easily be 
able to obtain similar results as in the previous section. 

Since we are interested in finding a local model, we will first restrict our situation to the 
following subset 

(2.2) U:= {(zi,Z2;q,p) | Re(z2) > 1 - <5} n ^ ([0, 1/2]) 
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that is, for 6 sufficiently small, a compact neighborhood of N in ([0, 1/2]) , because the 
points (zi,Z2;q, p) in U satisfy 

0<l\zi\^ + /L(q, P) < ^ (1 - \Z2\^) <S-^6^<6 

so that all coordinates are bounded. Note in particular, that this bound on the p-coordinates 
guarantees that / will be J-plurisubharmonic on U. 

The submanifold N CiU can also be written in the following easy form 

{{z, X2\ q, 0) I a;2 > 1 — (5 and \z\^ = 1 — X2} x L . 

Corollary II. 2. 5. Let 

u: ^ {U,NnU;j) 

be any holomorphic map from a connected compact Riemann surface (S, j) to U with u{d'E) C 
N. 

Either u is constant or its image is one of the slices i^x2,qo = (^C x {X2} x {qo}^ H U with 

X2 & [1 — 5, 1) and qo a point on the 0-section ofT*L. If u is injective at one of its boundary 
points, then T, will be a disk, and u is equal to 

u{z) = [u^^ o (^(z);qo,0) , 



where u^^ is the map given in Proposition II. 2. 3. and ip is a Mobius transformation of the 
unit disk. 

Proof. Let n be a J-holomorphic map as in the statement. We will study u by decom- 
posing it into u = (mc2 , ut* l) with 

uc2: {^,d^,j)^{C^N,i) 
ut^l: {T.,d^,j)^{T*L,L,JL) • 

Using that fi is Ji-plurisubharmonic on the considered neighborhood of the 0-section 
contained in U , it follows from Corollary II. 2. 2 that ut*l is constant. 

Once we know that ut*l is constant, the situation for U£2 is identical to the one in 
Proposition II. 2. 4, so that we obtain the desired result. □ 

The results obtained so far only explain the behavior of holomorphic curves that are 
completely contained in the model neighborhood U . Next we will extend this result to show 
that a holomorphic curve is either disjoint from the subset U or is lies completely inside U . 

Assume {W, J) is a compact almost complex manifold with convex boundary M = dW . 
Let A'^ be a submanifold of M, and assume that there is a compact subset U va.W such that 
U is diffeomorphic to the model above, with M DU, N nU and J\jj all being equal to the 
corresponding objects in our model neighborhood. 

Proposition II. 2. 6. Let 

u: (S,9S;j)^(VF,iV;J) 

be a holomorphic map, and let U be a compact subset ofW that agrees with the model described 
above. 

If u(Y^) intersects U, then it has to lie entirely in U, and it will be consequently of the 
form given by Corollary \II.2.5 . 
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Proof. Assume u to be a holomorphic map whose image lies partially in U. The set U 
is a compact manifold with corners, and we write dU = OmU U dwU, where 

OmU = Ur\M 

dwU = {{zi,Z2;ci,p) I Re(z2) > 1 - 5} n /" ^ ([0, 1/2]) 

We will show that the real part of the Z2-coordinate of u needs to be constant. This then 
proves the proposition, because it prevents u from leaving U. 



Thus assume instead that the real part of Z2 does vary on u. Slightly decreasing the cut-off 
level 5 in (|2.2|) using Sard's theorem, the holomorphic map u will intersect dwU transversely, 



with u{dMG) C n [/ and u{dwG) C dwU. 

The coordinate maps hx- (zi, 2:2; q, p) 1— )■ Re(2;2) and hy-. (zi, 2:2; q, p) 1— )• Im(2:2) are har- 
monic, and it follows by the maximum principle that the maximum of hx o u\q will lie for 
each component of G on the boundary of that component. 

Furthermore the maximum of hx o u\q cannot lie on dwG, because by our assumption 
u\q is transverse to dwU. It follows that the maximum of hx o u\q will be a point zq £ OmG; 
in particular zq does not lie on one of the edges of G. By the boundary point lemma, either 
hx o u\q is constant or the outward derivative of this function at zq must be strictly positive. 
On the other hand, the function hyO u\q is equal to all along the boundary BmG so that the 
derivatives of /i^o u|q and hyOu\Q vanish at zq in directions that are tangent to the boundary. 
Using the Cauchy-Riemann equation we see that this implies that the derivatives of these two 
functions at zq vanish in every direction, in particular this implies that the function hxO u\q 
needs to be constant. 

In either case, we have proved that the image of u lies completely inside U . □ 

The conclusion of the results in this section is that every curve that intersects a certain 
neighborhood of the elliptic singularities lies completely in this neighborhood and can be 
explicitly determined. 
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2.3. J-holomorphic curves close to codimension 1 singularities. Let {N,J^) be a 
submanifold with Legendrian foliation and with non-empty boundary. We will show in this 
section that a boundary component of lying in in the singular set of can sometimes 
exclude that any holomorphic curve gets close to this component. This way, the boundary 
may block any holomorphic disks from escaping the submanifold A^. 

The argument is similar to that of the previous section, where we constructed an almost 
complex manifold that served as a model for the neighborhood of the singular set. 

Remark II. 2. 7. We will only be dealing here with the easiest type of singular sets: Prod- 
ucts of a closed manifold with . A more general situation has been considered in [MNW12] , 
where the singular set is allowed to be a fiber bundle over the circle. 

Let T*F be the cotangent bundle of a closed manifold F, choose an almost complex 
structure Jp on T*F for which F is a totally real submanifold, and let fp : T*F — ?■ [0, oo) be 
the function constructed in Proposition |II.2."T| that only vanishes along the 0-section of T*F 
and that is JjT'-plurisubharmonic close to the 0-section F. 

Define {W, J) as 

W:=CxT*S^ X T*F= {(x + iy;(/?,r;q,p)} , 

and let J be the almost complex structure i (B i (B Jf, where the complex structure on T*S^ 
is the one induced from the identification of T*S^ and C/(27rZ) with cp + ir ip -\- 2tt + ir . 
The function 

/: W^[0,oo), {x + iy;ip,r;q,p) ^ ^ (x^ + + ^r2 + /^(q,p) 

is J-plurisubharmonic on a neighborhood where the values of p are small. We denote the 
level set /~^(l/2) by M, and note that for small values of p, it is a smooth contact manifold 
with contact form 

OM ■■= {xdy - ydx -r dip + d'^'' fp) . 
Let A'^ be the submanifold of M given as the image of the map 

§1 X [0,e) X F, {p,r;q) ^ (/T^; r; q, O) . 

It has a Legendrian foliation J^, because ^*aM = —r dip that becomes singular exactly at the 
boundary 97V = {l} x x F. 

Our local model will be the subset 

[/= {(x + iy;(^,r;q,p) | x > 1 - <5} n T ^ ([0, 1/2]) 

for sufficiently small J > 0. Clearly U contains dN = Sing(ker(— r dc^)) . Furthermore U is 
compact, because all coordinates are bounded: Points (x -|- iy] ip, r; q, p) in U satisfy 

< ^ + ^ r2 + /^(q, p) = /(x + iy; if, r; q, p) - ^ x^ < 1/2 (l - x^) < 5 . 

We also obtain that if 5 has been chosen small enough, / is everywhere J-plurisubharmonic 
on U. 

Remark II. 2. 8. Note that the construction of the local model also applies in the case of 
contact 3-manifolds, because F may be just a point. 

We will first exclude existence of holomorphic curves that are entirely contained in U. 
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Proposition II. 2. 9. A J -holomorphic map 

u: ^ {U,Nr\U,J) 

from a compact Riemann surface into U, whose boundary is mapped into N Ci U, must be 
constant. 

Proof. As in the previous section, we can decompose u as (ncxT*si i ^t*f) with 
UcxT*si: (CxT*8\{iVl-r^;^,r) \ if G S\r G [0, e)} ,i e 

ut'f: ^ {T*F,F,Jf) . 

Note in particular that the boundary conditions also split in this decomposition, so that 



we obtain two completely uncoupled problems. Furthermore, using Corollary II. 2. 2, it fol- 
lows that the second map is constant, because fp is a Jp plurisubharmonic function on the 
considered neighborhood. 

To show that UcxT*§i is constant, use the harmonic function g(^z;ip,r^ = Im(2:). Since 
(7on£xT*§i vanishes along dT,, it follows that g°U£y^x*gi has to be zero on the whole Riemann 
surface, and combining this with the Cauchy-Riemann equation, it follows that the real part 
of the z-coordinate of U£xt*§i is equal to a constant C £ [1 — 6,1]. Now that we know that 
the first coordinate of iicxT*§i is constant, we see that the boundary of itcxT*si to lie in 
the circle {{C;ip,+Vl - C^) \ 9? G S^} C C x T*§\ 

This allows us to study only the second coordinate of tfcxT*si reducing our map to the 
form 

TXT'Si: ^ {T*S\S,i) , 

where 5 = {r = — C^}. Using that the map {r,(f) 1— )• r is harmonic, and that it is 
constant along the boundary of S, we obtain that the whole image of the surface has to lie 
in the corresponding circle, implying with the Cauchy-Riemann equation that u^p.gi needs to 
be constant. □ 

Next we will show that holomorphic curves may not enter the domain U even partially. 
Let {W, J) be now a compact almost complex manifold with convex boundary M = dW, and 
let be a submanifold of M with dN ^ 0. Assume that W contains a compact subset U 
that is identical to the model neighborhood constructed above such that M OU, N OU and 
J\^ all agree with the corresponding objects in the model. 

Proposition II. 2. 10. If the image of a J -holomorphic map 

u: ^ {W,N,J) 

intersects the neighborhood U , then it will be constant. 

Proof. It suffices to show that the image of u lies inside U , because we can then apply 
Proposition II. 2. 9 Following the same line of arguments as in the proof of Proposition |II. 2 .6} 



one can show that the real part of the first coordinate of u needs to be constant. We recom- 
mend the reader to work out the details as an exercise. □ 

Remark II. 2.11. Note that when the codimension 1 singular set lies in the interior of the 
maximally foliated submanifold, one can find under additional conditions a family of holo- 
morphic annuli with one boundary component on each side of the singular set (see |NWllj ). 
The reason why these curves do not appear in the results of this section are that we are 
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assuming that all boundary components of the holomorphic curves lie locally on one side of 
the singular set. 



CHAPTER 3 



Moduli spaces of disks and filling obstructions 

1. The moduli space of holomorphic disks 

Let us assume again that (W, J) is an almost complex manifold, and that N C W is a 
totally real submanifold. We want to study the space of maps 

u: {B'^,dB^) iW,N-J) 

that are J-holomorphic (strictly speaking they are {i, J)-holomorphic), meaning that we want 
the differential of u to be complex linear, so that it satisfies at every z £ T, the equation 

Duz • i = J(n(z)) • Duz . 

Note that J depends on the point u{z)\ 

A different way to state this equation is by introducing the Cauchy-Riemann operator 

dju = J{u) ■ Du — Du ■ i , 

and writing dju = 0, so that the space of J-holomorphic maps, we are interested in then 
becomes 

M{0^,N;J) = {u:B)^ -^W \ Bju = and u{dB^) C N} . 

Remark III. 1.1. The situation of holomorphic disks is a bit special compared to the one 
of general holomorphic maps, because all complex structures on the disk are equivalent. If S 
were a smooth compact surface of higher genus, we would usually need to study the space of 
pairs {u,j), where j is a complex structure on E, and u is a map u: — )• (W, N) that 
should be {j, J)-holomorphic, that means, J{u) ■ Du — Du ■ j = 0. 

To be a bit more precise, we do not choose pairs {u,j) with arbitrary complex structures j 
on S, but we only allow for j a single element in each equivalence class of complex structures: 
If </?: S — E is a diffeomorphism, and j is some complex structure, then of course ip*j 
will generally be a complex structure different from j, but we usually identify all complex 
structures up to isotopy, and use that the space of equivalence classes of complex structures can 
be represented as a smooth finite dimensional manifold (see |Hum97 j for a nice introduction 
to this theory). 

Fortunately, these complications are not necessary for holomorphic disks (or spheres), and 
it is sufficient for us to work with the standard complex structure i on D^. 

In this section, we want to explain the topological structure of the space A^(D^, A^; J) 
without entering into too many technical details. Instead of starting directly with our par- 
ticular case, we will try to argue on an intuitive level by considering a finite dimensional 
situation that has strong analogies with the problem we are dealing with. 

Let us consider a vector bundle E of rank r over a smooth n-manifold B. Choose a 
section a: B — )• E, and let M = o"~^(0) be the set of points at which a intersects the 0- 
section. We would "expect" M to be a smooth submanifold of dimension dim M = n — r (if 
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n — r < 0, we could hope not to have any intersections at all); unfortunately, this intuitive 
expectation might very well be false. A sufficient condition under which it holds, is when a is 
transverse to the 0-section, that means, for every x G M, the tangent space to the 0-section 
TxB in TxE spans together with the image Da ■ TxB the whole tangent space T^E. It is 
well-known that when the transversality condition is initially not true, it can be achieved by 
slightly perturbing the section a. 

Let us now come again to the Cauchy-Riemann problem. The role of B will be taken 
by the space of aU maps u : (0^,50^) {W, N), which we wiU denote by B[B'^; N) . We do 
not want to spend any time thinking about the regularity of the maps and point instead to 
|MS04j as reference. It is sufficient for us to observe that the space i3(D^;A^) is a Banach 
manifold, that means, an infinite dimensional manifold modeled on a Banach space. 

The section a will be replaced by the Cauchy-Riemann operator dj, and before pursuing 
this analogy further, we want first to specify the target space of this operator. In fact, dj 
associates to every map u G B{p>'^; a 1-form on S with values in TW. The formal way to 
state this is that we have for every map u a vector bundle u*TW over D^, which allows us to 
construct 

Rom{TB'^,u*TW) . 

The sections in IIom(TD'^, tt*rw) form a vector space, and if we look at all sections for all 
maps u, we obtain a vector bundle over ;S(D^; A^), whose fiber over a point u are all sections 
in Hom(rD^n*TI^). We denote this bundle by £{0'^;N). 

The operator Bj associates to every u, that means, to every point of i3(D^; an element 
m S{0'^;N) so that we can think of dj as a section in the bundle £ (D'^ ; . The J-holomorphic 
maps are the points of i3(D^; where the section Bj intersects the 0-section. In fact, Bju is 
always anti-holomorphic, because 

J{u) • Bju = —Du — J{u) ■ Du • i = [Du ■ i — J{u) ■ Du) ■ i = — (Bju) • i , 

and for analytical reasons we will only consider sections in Hom(TS, u*Tl^) taking values 
in the subbundle IIomc(TE, u*Tl^) of anti-holomorphic homomorphisms. We denote the 
subbundle of sections taking values in Homc(T'S, u*TW) by £ic(p>^] N^- 

1.1. The expected dimension of M{p'^,N]J). The rank oi £c{^i'^ ; N) and the di- 
mension of fi(D^;A^) are both infinite, hence we cannot compute the expected dimension 

of the solution space A^(D^, A^; J) as in the finite dimensional case, where it was just the 
difference dimM — rank£^. Nonetheless we can associate a so called Fredholm index to a 
Cauchy-Riemann problem. We will later give some more details about how the index is actu- 
ally defined, for now we just note that it is an integer that determines the expected dimension 
of the space A^(D2, N; J) . 

For a Cauchy-Riemann problem with totally real boundary condition the index has an 
easy explicit formula (see for example [MS04t Theorem C.1.10]) that simplifies in our specific 
case of holomorphic disks to 

(1.1) induBj = ^ dimW + fi{u*TW,u*TN) , 

where we have used that the Euler characteristic of a disk is xi^"^) = 1- 

Remark III. 1.2. We would like to warn the reader that the dimension of a moduli space 
of holomorphic disks or holomorphic spheres tends to increase, if we increase the dimension 
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of the symplectic ambient manifold. Unfortunately, the opposite is true for a higher genus 
curve S: The formula above becomes 

ind„ dj = ^ x(S) dim W + n{u*TW, u*TN) , 

and since the Euler characteristic is negative, and it is harder to find curves with genus in 
high dimensional spaces than in lower dimensional ones. 

The Maslov index is an integer that classifies loops of totally real subspaces up to 
homotopy: 

Definition. Let be a complex vector bundle over the closed 2-disk and let be 
a totally real subbundle of -E'c|g][j2 defined only over the boundary of the disk. The Maslov 
index fi{E£, E^) is an integer that is computed by trivializing Eq over the disk, and choosing 
a continuous frame ^(e"'^) G GL(n,C) over the boundary representing E^. We then set 

f.{Ec,E^) :=deg^^^, 

where deg(/) is the degree of a continuous map /: — t- S^. 



In these notes, we will compute the Maslov index only once, in Section 1.3, but note that 
the index ind„9j depends on the holomorphic disk u in A^(D^,A^; j), we are considering; 
this should not confuse us however, because it only means that the space of disks may have 
different components and the expected dimensions of the different components do not need 
to agree. 

We will now briefiy explain how the index of Bj is defined. We have a map Bj : B (O^ ; A^) — )• 
£c (10^ ; , and we need to compute the linearization of Bj at a point oi u ^ B {p>^ ; A^) , that 
means, we have to compute the differential 

Dj{u):T^B{l]>^-N) ^ T-q^Jc{^^;N) . 

To find Dj{u), choose a smooth path ut of maps in B{p>^; with uq = u, then we can regard 
the image BjUt, and take its derivative with respect to t in t = 0. If we set tto = a^lt=o^*' 
this allows us to obtain a linear operator Dj{u) by 



Dj{u) • uo = ^ 



BjUt . 

t=o 

It is a good exercise to determine the domain and target space of this operator, and find a 
way to describe them. 

The index of Bj at u is defined as 

induBj := dimkerZ)j(u) — dimcoker Z)j(ti) . 



It is a remarkable fact that the index is finite and determined by formula (1.1) above. Also 
note that the index is constant on each connected component of B (D^ ; A^) . 

1.2. Transversality of the Cauchy-Riemann problem. Just as in the finite dimen- 
sional analogue, it may happen that the formal dimension we have computed does not corre- 
spond to the dimension we are observing in an actual situation. In fact, if the section a (or in 
our infinite dimensional case, Bj) are not transverse to the 0-section, there is no reason why 
M or A^(D^, A^; j) would need to be smooth manifolds at all. 
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On the other hand, if a is transverse to the 0-section, then M = a ^(0) is a smooth sub- 
manifold of dimension dimM — rankE', and the analogue result is also true for the Cauchy- 
Riemann problem: If Bj is at every point of 7W(D'^,A^; j) transverse to (or said equiva- 
lently, if the cokernel of the linearized operator is trivial for every holomorphic disk), then 
A^(D^, A^; j) will be a smooth manifold whose dimension is given by the index of Bj. 

In the finite dimensional situation, we can often achieve transversality by a small pertur- 
bation of fj, but of course, this might require a subtle analysis of the situation, when we want 
to perturb a only within a space of sections satisfying certain prescribed properties. 

Definition. Let u: T, — )• I^ be a holomorphic map from a Riemann surface with or 
without boundary. We call u somewhere injective, if there exists a point z £ T, with 
duz 7^ 0, and such that z is the only point that is mapped by u to u{z), that means, 

u-^u{z)) = {z} . 



We call a holomorphic curve that is not the multiple cover of any other holomorphic curve 
a simple holomorphic curve. Closed simple holomorphic curves are somewhere injective, 
|MS04[ Proposition 2.5.1]. 

It is a non-trivial result that by perturbing the almost complex structure J, we can achieve 
transversality of the Cauchy- Riemann operator for every somewhere injective disk in W with 
boundary in a totally real submanifold N. We could hope that this theoretical result would 
be sufficient for us, because the considered disks are injective along their boundaries, but 
we have chosen a very specific almost complex structure in Section [2| and perturbing this J 
would destroy the results obtained in that section. Below, we will prove by hand that Bj is 
transverse to for the holomorphic disks in our model neighborhood. 

Remark III. 1.3. Note that often it is not possible to work only with somewhere injective 
holomorphic curves, and perturbing J will in that case not be sufficient to obtain transversality 
for holomorphic curves. Sometimes one can work around this problem by requiring that W 
is semi-positive, see Section [3| Unfortunately, there are many situations where this approach 
won't work either, as is the case of SFT, where transversality has been one of the most 
important outstanding technical problems. 

1.3. The Bishop family. In this section, we will show that the disks that we have found 



in Section 2.2.2 lying in the model neighborhood are regular solutions of the Cauchy-Riemann 
problem. 

Before starting the actual proof of our claim, we will briefly recapitulate the situation 



described in Section 2.2.2 Let {W, J) be an almost complex manifold of dimension 2n with 
boundary that contains a model neighborhood U of the desired form. Remember that U was a 
subset of C?xT*L with almost complex structure i(BJL, that we had a function f:C^xT*L^ 
[0, c«) given by 

/(zi,z2,q,p) = - {\zi\^ + \z2f) +/L(q,p) , 

and that the model neighborhood U was the subset 

U:= {(zi,Z2;q,p) I Re(z2) > 1 - <5} n T ^ ([0, 1/2]) . 
The totally real manifold N is the image of the map 



z; q) G X L ( z, v/l - |z|^; q, ) C BU 
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For every pair (s, q) G [1 — S,l) x L, we find a holomorphic map of tlie form 

z i-> (CsZ, s; q, 0) 

with Cs = \/l — . We call this map a (parametrized) Bishop disk, and we call the 
collection of these disks, the Bishop family. Sometimes we will not be precise about whether 
the disks are parametrized or not, and whether we speak about disks with or without a marked 
point (see Section [2]), but we hope that in each situation it will be clear what is meant. 

To check that a given Bishop disk Ug^q is regular, we will first compute the index of 
the linearized Cauchy-Riemann operator that gives us the expected dimension for the space 
of holomorphic disks containing the Bishop family. Note that the observed dimension is 
1 + dimL + 3 = l + (n — 2) + 3 = n + 2. The first part, 1 + dimL corresponds to the s- and 
q-parameters of the family; the three corresponds to the dimension of the group of Mobius 
transformations acting on the complex unit disk: If Us_q is a Bishop disk, and if 99 : — )• 
is a Mobius transformation, then of course Ug^q o will also be a holomorphic map with 
admissible boundary condition. On the other hand we showed in Corollary |II.2.5| that every 
holomorphic disk that lies in \J is up to a Mobius transformation one of the Bishop disks. 

For the index computations, it suffices by Section |1.1| to trivialize the bundle := 
n* qTM^ over D^, and study the topology of the totally real subbundle = ul ,^TN over 

aiD)2. 

Before starting any concrete computations, we will significantly simplify the setup by 
choosing a particular chart: Note that the T*L-part of a Bishop disk n^^q is constant, we can 
hence choose a chart diffeomorphic to M^"~^ = {(xi, . . . , x„_2; yi, . • • , yn-2)} for T*L with 
the properties 

• the point (q, 0) corresponds to the origin, 

• the almost complex structure Jl is represented at the origin by the standard i, 

• the intersections of the 0-section L with the chart corresponds to the subspace 

(Xi, . . .,Xn-2;0, ... ,0). 

In the chosen chart, we write Us^q as 

n,^q(z) = {CsZ, s; 0, . . . , 0) G X m2«-4 

with Cs = Vl - s^. By our assumption, the complex structure on the second factor is at the 
origin of M^"~^ equal to i, and there is then a direct identification of u* ,^TW with x C"~^. 
The submanifold corresponds in the chart to 

{(zi,Z2;xi,...,Xn_2,0,...,0) G X m2"-4 I Imz2 = 0, \zi\^ + \z2\^ = l] . 

The boundary of Us,q is given by e"^ i->- (\/l — e*"^, s; 0, . . . ,0), and the tangent space of 
TN over this loop is spanned over M by the vector fields 

(ze''^,0;0,...,0), (--^=4= e^'^, 1; 0, . . . , o) , (0, 0; 1, 0, . . . , O) , . . . , (0, 0; 0, . . . , 0, 1, 0, . . . , O) . 

We can now easily compute the Maslov index ij,{Ec,E^) as 

det^2 _g2i^ 

deg -; -r = dcg ; = 2 , 
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where A is the matrix composed by the vector fields given above. Hence we obtain for the 
index 

ind„ dj = ^dimW + fi{ul^TW, uI^TN) =n + 2, 

which corresponds to the observed dimension computed above. 

We will now show that the linearized operator Dj is surjective. We do not do this directly, 
but we compute instead the dimension of its kernel, and show that it is equal (and not larger 
than) the Predholm index. Prom the definition of the index 

indu^j := keTDj{u) — cokei Dj{u) , 

we see that the cokernel needs to be trivial, and this way the surjectivity result follows. 

We now compute the linearized Cauchy-Riemann operator at a Bishop disk Ug^q- Let vt 
be a smooth family of maps 

Vt: (B2,5B2) ^ {U,N) 

with vq = Us^q (think of each vt as a smooth map, but for an analytically correct study, we 
would need to allow here for Sobolcv maps). 
In this chart, we can write the family vt as 

vt{z) = {zi{z,t),Z2{z,t);^{z,t),y{z,t)) G x M2n-4 ^ 

where we have set x{z,t) = {xi{z,t), . . . ,Xn-2iz,t)) and y{z,t) = {yi{z,t), . . . ,yn-2iz,t)), 
and we require that the boundary of each of the vt has to lie in N. When we now take the 
derivative of vt with respect to t at t = 0, we obtain a vector in T^^ JS that is represented by 
a map 

wo : ^ X ("-2)^ ^ ^ (^^^(^)^ i2(2); i(^), y(^)) 

with boundary conditions y(z) = and \m.Z2{z) = for every z G 90^. Furthermore taking 
the derivative of \zi{z, t)\ +\z2{z,t)\ =1 for every z G with respect to t, we obtain the 
condition 

zi{z,0) ■ zi{z) + zi{z,0) ■ zi{z) + Z2{Z,0) ■ Z2{z) + Z2{Z,0) ■ Z2{z) = , 
which simplifies by using the explicit form of (^zi{z,0), Z2{z,0)) to 

CgZ ■ Zl{z) + CgZ ■ zi{z) + SZ2{z) + SZ2{z) = 

for every z G 3B^. 

The linearization of the Cauchy-Riemann operator dj at Us^q given by 

d 



dt 



djvs 
t=o 



decomposes into the C^-part 

(idzi — dzii, idz2 — dz2i) 

and the (""^^-part 

^ (^JL{x{z,t),y{z,t)) ■ {dx{z,t),dy{z,t)) - {dx{z,t) ■ i,dy{z,t) ■ i)^ . 

The second part can be significantly simplified by using first the product rule, and applying 
then that x(z, 0) = and y{z, 0) = are constant so that their differentials vanish. We 
obtain then 

Jl (O, O) • (dx, dy) - {d± ■i,dy-i) , 
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and using that Jl(0, 0) = i, it finally reduces to 

(dy — dx • z, — — dy ■ i) . 

We have shown that linearized Cauchy-Riemann operator simplifies for all coordinates to 
the standard Cauchy-Ricmann operator, so that if Vo{z) = (ii(2;), i2(z); x(z), y(z)) lies in 
the kernel of Dj then the coordinate functions zi{z),Z2{z) and x{z) + iy{z) need all to be 
holomorphic in the classical sense. 

Now using the boundary conditions, we easily deduce that y{z) needs to vanish, because 
it is a harmonic function, and it takes both maximum and minimum on 

SD^. A direct 

consequence of y = and the Cauchy-Riemann equation is that ic{z) will be everywhere 
constant. We get the analogous result for the function Z2{z), so that we can write 

vo{z) = {zi{z),s; qo,0) , 

where s is a real constant, and qo is a fixed vector in M^^""^), and we only need to still 

understand the holomorphic function zi{z). 

The boundary condition for zi{z) is z ■ zi{z) + z ■ zi{z) = —7;^ for every z € 9D^. Using 
that the function zi{z) is holomorphic, we can write it as power series in the form 

00 

zi{z) = gfc 2:^ 

k=0 

and we get at e*"^ G 

00 

k=0 

Plugging these series into the equation of the boundary condition, we find 

00 00 o ■ 

fe=0 fe=0 * 

so that 

00 „ . 

k=o * 
and by comparing coefficients we see that 

2 ss 

ai +ai = — ao + a2 = 0, = for all A; > 3. 

This means that the three (real) parameters we can choose freely are zq and Im zi . 

Concluding, wc have found that the dimension of the kernel of Dj is equal to 3 + 1+n— 2 = 
n + 2 which corresponds to the Fredholm index of our problem. Thus there is no need to 
perturb J on the neighborhood of the Bishop family to obtain regularity. 

Corollary III. 1.4. Let {W, lo) be a compact symplectic manifold that is a weak symplectic 
filling of a contact manifold (M, ^) . Suppose that N is either a Lob or a bLob in M , then 
we can choose close to the binding and to the boundary of N the almost complex structure 
described in the previous sections, and extend it to an almost complex structure J that is 
tamed by u, whose bundle of complex tangencies along M is ^ and that makes M J-convex. 
By a, generic perturhaMon away from the binding and the boundary of N, we can achieve that 
all somewhere injective holomorphic curves become regular. 

We call a J with these properties an almost complex structure adapted to N. 
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The argument in the proof of the corollary above is that the Bishop disks are already 
regular, and that all other simple holomorphic curves have to lie outside the neighborhood 
where we require an explicit form for J . Thus it suffices to perturb outside these domains to 
obtain regularity for every other simple curve. 



2. The moduli space of holomorphic disks with a marked point 

Until now, we only have studied the space of certain J-holomorphic maps 

M{p^,N;j) = {n: ^ I dju = Q and ^(90^) c N] , 

but many maps correspond to different parametrizations of the same geometric disk. To get 
rid of this ambiguity (and to obtain compactness), we quotient the space of maps by the bi- 
holomorphic reparametrizations of the unit disk, that means, by the Mobius transformations, 
but we will also add a marked point zq G to preserve the structure of the geometric disk. 
To simplify the notation, we will also omit the almost complex structure J in (D^, A^). 
From now on let 

M{n^,N;zQ) = {{u,zq) I zo G E)^ 9ju = and u{dlf) C N] =>^(D^A^) x if 

be the space of holomorphic maps together with a special point zq G that will be called the 
marked point. The moduli space we are interested in is the space of equivalence classes 

M{lf,N;zo) = A{(D^ iV; zo) / ~ 

where we identify two elements (u, zq) ^-nd {u\z'q)^ if and only if there is a biholomorphism 
93: — )■ such that u = u' o ip~^ and zq = (p{z'q)- The map (n, z) 1— u{z) descends to a 
well defined map 

ev: M{B^,N;zo) W 

[u, zo] ^ u{zo) 

on the moduli space, which we call the evaluation map. 

Let be a Lob or a bLob, and assume that Bq is one of the components of the binding 
of A^. Since this is the only situation, we are really interested in in these notes, we introduce 
the notation A^o(lD'^, A^) for the connected component in 7W(D^, A^) that contains the Bishop 

family around Bq. When adding a marked point, we write A^o (l^^) A^! -^o) and A4o (O^, A^; zq) 
for the corresponding subspaces. 

It is easy to see that A^o(lD'^, A^; -^o) is a smooth (non-compact) manifold with boundary. 
Note first that A4o(p>'^, N; zq^ is also a smooth and non-compact manifold with boundary: 
If J is regular, we know that Mo{0^,N) is a smooth manifold, and so the boundary of the 
product manifold M.o(p'^, N; zq) is 

dMo{n'^,N;zo) =Mo{0^,N) x SD^ . 

Passing to the quotient preserves this structure, because the boundary of the maps in 
M.oip'^, intersects each of the pages of the open book exactly once (this is a consequence 
of Corollary |II.1.H" and Section 2.2.2 of Chapter [2]), and hence each of the disks is injective 



along its boundary. The only Mobius transformation that preserves the boundary pointwise 
is the identity, hence it follows that the group of Mobius transformations acts smoothly. 
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freely and properly on ^^0(11^^)-^) -^o); and hence the quotient will be a smooth manifold of 
dimension 

dimMo{n'^,N;zo) = dimA^o(ID>^ iV; ^o) - 3 = ind„ 5j + 2 - 3 = n + 1 . 

As before the points on the boundary of M-oip"^, N; zq) are the classes [u,z] with z G 9D^. 
It is also clear that the evaluation map evzo '■ -^^0(1^^)-^) -^o) W is smooth. 

Remember that the Bishop disks contract to points as they approach the binding Bq. We 
will show that we incorporate Bq into the moduli space M-o{0'^ , N; zq) and that the resulting 
space carries a natural smooth structure that corresponds to the intuitive picture of disks 
collapsing to one point. 

The neighborhood of the binding Bq in W is diffeomorphic to the model 

[/ = { (zi, Z2; q, p) G X T*Bo I Re{z2) > I - 5} H h'^ ((-00, 1/2]) 
for small 6 > with the function 

,1 = 

2 



h{zi,Z2) = ^ {\zi\^ + |Z2P) + /Bo(q>P) 



see Section [2221 

The content of Proposition II. 2. 6| and of Corollary II. 2. 5 is that for every point 

(2;,s;qo,0) G U 

with s G (1 — (5, 1) and qo in the 0-section of T*Bq, 

• there is up to a Mobius transformation a unique holomorphic map u G M.q{I]>^ , 
containing that point in its image, and 

• M (D^, N') does not contain any holomorphic maps whose image is not entirely con- 
tained in ?7 n (C X M X Bq). 

As a result, it follows that V = e\^^{U) is an open subset of M.q(P)^ , N ; zq) , and that 
the restriction of the evaluation map 

is a diffeomorphism onto C/ n (C x (1 — 6,1) x Bq). The closure of this subset is the smooth 
submanifold 

[/ n (C X M X So) , 
which we obtain by including the binding {0} x {1} x i?o of N . 

Using the evaluation map, we can identify V with its image in [/, and this way glue Bq to 
the moduli space M.q{P>^ , N ] zoj . The new space is also a smooth manifold with boundary, 
and the evaluation map extends to it, and is a diffeomorphism onto its image in U so that we 
can effectively identify U with a subset of the moduli space. In particular, it follows that Bq 
is a submanifold that is of codimension 2 in the boundary of the moduli space. 

The aim of the next section will consist in studying the Gromov compactification of 
MQ{^]>\N■ZQ). 

3. Compactness 

Gromov compactness is a result that describes the possible limits of a sequence of holo- 
morphic curves, and ensures under certain conditions that every such sequence contains a 
converging subsequence. In the limit, a given sequence of holomorphic curves may break into 
several components, called bubbles, each of which is again a holomorphic curve. We will 
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not describe in detail what "convergence" in this sense reahy means, but we only sketch the 
idea: The holomorphic curves in a moduli space can be represented by holomorphic maps, 
and in the optimal case, one could hope that by choosing for each curve in the given sequence 
a suitable representative, we might have uniform convergence of the maps, and this way we 
would find the limit of the sequence as a proper holomorphic curve. Unfortunately, this is 
usually wrong, but it might be true that for the correct choice of parametrization we have 
convergence on subdomains. Choosing different reparametrizations, we then obtain conver- 
gence on different domains, and each such domain gives then rise to a bubble, that means, a 
holomorphic curve that represents one component of the Gromov limit. 

Theorem III. 3.1 (Gromov compactness). Let (W,J) be a compact almost complex man- 
ifold (with or without boundary), and assume that J is tamed by a symplectic form u. 
Let L be a compact totally real submanifold. Choose a sequence of J -holomorphic maps 
Uk- (D^,9D^) — ;> iW,L) whose uj-energy 



E{uk) := / tifcu; 

is bounded by a constant C > 0. 

Then there is a subsequence of {uki)^ that converges in the Gromov sense to a bubble tree 

composed of a finite family of non-constant holomorphic disks . . . , u'^^ whose boundary 
lies in L, and a finite family of non-constant holomorphic spheres . . . ,v!^ \ The total 
energy is preserved so that 

K K' 
limi?K)=^i?(n(^))+^i^(t;(^)). 

If each of the disks Uk is equipped with a marked point G , then after possibly reducing 
to a another subsequence, there is a marked point z^o on one of the components of the bubble 
tree such that lim/c = z^o in a suitable sense. 

The a;-energy is fundamental in the proof of the compactness theorem to limit the num- 
ber of possible bubbles: By |MS04t Proposition 4.1.4], there exists in the situation of The- 
III. 3. 1| a constant ^ > that bounds the energy of every holomorphic sphere or every 



orem 



holomorphic disk u^- (0^,50^) — )• {W, L) from below. Since every bubble needs to have 
at least an ^-quantum of energy, and since the total energy of the curves in the sequence is 
bounded by C, the limit curve will never break into more than C/h bubbles (the upper bound 
of the energy is also used to make sure that each bubble is a compact surface) . 

We will show in the rest of this section that we can apply Gromov compactness to se- 
quences of holomorphic disks lying in the moduli space Mo{D'^,N) studied in the previous 
section, and how we can incorporate these limits into Adoipi'^ , N; zoj to construct the com- 
pactification Mo{D'^ , N; zq) . 

Proposition III. 3. 2. Let N be a Lob or a bLob in the contact boundary (M, ^) of a 
symplectic filling (W,uj), and assume that we find a contact form a for such that uj\rpj^ = 

There is a global energy bound C > for all holomorphic disks in A4o{0'^ , 

Proof. There is a slight complication in our proof, because we may not assume that 
Lo is globally exact, which would allow us to obtain the energy of a holomorphic disk by 
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integrating over the boundary of the disk. To prove the desired statement, proceed as follows: 
Let u: (D^, 9D^) — )• (W, A^) be any element in A4o(li'^ , . By our assumption, there exists a 
smooth path of maps Ut that starts at the constant map Uo{z) = bo £ Bq in the binding and 
ends at the chosen map ui = u. This family of disks may be interpreted as a map from the 
3-ball into W. The boundary consists of the image of ui, and the union of the boundary of 
all disks ut\Qjj,2- 

Using Stokes' theorem, we get 



= / uldoj = / ulu + I 

J[0,llxD2 JE1)2 J\0. 



'[0,l]xD2 JO^ ^[0,l]xOD2 



SO that E{u) = — /f 



[o,i]xeD2 



UtUJ. 



By our assumption, we have a contact form on the contact boundary M for which u}\j^j^ 
da\j,j^, so that using Stokes' theorem a second time (and that uo{z) = bo) we get 

E{u) = / u*a . 



1)2 



The Legendrian foliation on N is an open book whose pages are fibers of a fibration 
t?: iV \ 5 Hence the 1-form d?? and alj^^ have the same kernel, and it follows that 

there exists a smooth function /: A*" — >• [0,oo) such that 

o^Itn = fd^ ■ 

The function / vanishes on the binding and on the boundary of a bLob, and / is hence 
bounded on N so that we define C := 2-ir maXx^N \fix)\- 

Using that the boundary of u intersects every leaf of the open book exactly once, we 
obtain for the energy of u the estimate 

E{u)= I < max|/(x)| / u*d^ < 2tt max\f{x)\ = C . □ 

Jq^2 xeN xeN 

With the given energy bound, we obtain now Gromov compactness in form of the following 
corollary. 

Corollary III. 3. 3. Let N be a Lob or a bLob in the contact boundary (M, ^) of a sym- 
plectic filling {W,Ljj), and assume that we find a contact form a for such that uj\rpj^ = da\rpj^. 
Let (ufe)jt be a sequence of holomorphic maps in Aio{p'^-,^\ 

There exists a subsequence {uki)i ^^^^ converges either 

• uniformly up to reparametrizations of the domain to a J -holomorphic map u^o S 
Mo[li^,N), 

• to a constant disk Uoo{z) = bo lying in the binding of N , 

• or to a bubble tree composed of a single holomorphic disk Uoc- (0^,90^) — )• {W, N) 
and a finite family of non-constant holomorphic spheres vi, . . . ,Vj with j > 1. 



Proof. We will apply Theorem III.3.1[ The submanifold is not totally real along the 



binding B and ON, but we simply remove a small open neighborhood of both sets. By Propo- 



sition II.2.9[ none of the holomorphic disks may get close to dN, and by Proposition II. 2. 6 



we know precisely how the curves look like that intersect a neighborhood of B. If we find 
disks in {uk)k that get arbitrarily close to the binding of A'', then using that B is compact, 
we may choose a subsequence that converges to a single point in the binding. If {uk)k stays 
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at finite distance from B, we may assume tliat the neigliborhood, we have removed from N 
is so smah that the holomorphic disks we are studying ah he inside. 

If the sequence {uk)k does not contain any subsequence that can be reparametrized in 
such a way that it converges to a single non-constant disk Uoo, we use Gromov compactness 
to obtain a subsequence that splits into a finite collection of holomorphic spheres and disks. 



But as a consequence from Corollary II. 1.11 we see that non-constant holomorphic disks 



attached to N need to intersect the pages of the open book transversely in positive direction. 
A sequence of holomorphic disks that intersects every page of the open book exactly once, 
cannot split into several disks intersecting pages several times. In particular possible bubble 
trees contain by this argument a single disk in its limit. □ 

Above, we have obtained compactness for a sequence of disks, but we would like to 
understand how these limits can be incorporated into the moduli space. Adding the bubble 
trees to the space of parametrized maps does not give rise to a valid topology, because the 
bubbling phenomenon can only be understood by using different reparametrizations of the 
disk to recover all components of the bubble tree. 

We will denote the compactification of Moip"^ , N; zq) by Mo[D'^ , N; zq) . For us, it is 
not necessary to understand the topology of J^oip"^, N; zq) in detail, but it will be sufficient 
to see that bubbling is a "codimension 2 phenomenon". In fact, it is not the topology of 
the moduli space itself we are interested in, but our aim is to obtain information about the 
symplectic manifold. For this we want to make sure that the image under the evaluation map 
of all bubble trees that appear in the limit, that means, of Aio(p'^ , N; zoj \ M.o(p'^ , N; zq^ 
is contained in the image of a smooth map defined on a finite union of manifolds each of 
dimension at most 

dimMo{D'^,N;zo) - 2 . 
For this to be true, we need to impose additional conditions for (W,uj). 

Definition. A 2n-dimensional symplectic manifold (M, w) is called 

• symplectically aspherical, if cj([j4]) vanishes for every A E ■K2{M). 

• It is called semipositive if every A G 7r2(M) with a; ([A]) > and ci{A) > 3 — n has 
non-negative Chern number. 

Note that every symplectic 4- or 6-manifold is obviously semipositive. 

In a symplectically aspherical manifold no J- holomorphic spheres exist, because their 
energy would be zero. So in particular they may not appear in any bubble tree and Corol- 



lary III. 3. 3 implies in our situation that every sequence of holomorphic disks contains a 
subsequence that either collapses into the binding or that converges to a single disk in 
M.q{P>^ , N ] zoj . Using the results of Section 2l we obtain the following corollary. 



Corollary III. 3. 4. Let {W,oj) he a compact symplectically aspherical manifold that is a 
weak filling of a contact manifold (M, ^). Let N be a Lob or a bLob in M, and assume that 
we find a contact form for ^ such that uj\jj^ = da\rpj^. Choose an almost complex structure J 



that is adapted to N (as in Corollary IILI.4) 



Then the compactification of the moduli space Mo{^\ ^1 ^o) is a smooth compact mani- 
fold 

Mo{0'^,N;zo) = Mo{D'^,N;zo) U {binding of N) 
with boundary. The binding of N is a submanifold of codimension 2 in the boundary dAio (D^, A^; zq) . 
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The condition of asphericity is very strong, and we will obtain more general results by 
studying instead semipositive manifolds. The important point here is that a generic almost 
comple x str ucture only ensure transversality for somewhere injective holomorphic curves, see 
Section 1.2 Even though the holomorphic disks in A4o(p>'^ , N; zq) are simple, it could happen 



that once the disks bubble, there appear spheres that are multiple covers. For these, we 
cannot guarantee transversality, and hence we cannot directly predict if the compactification 
of Aiolp'^, N; Zq) consists of adding "codimension 2 strata" or if we will be forced to include 
too many bubble trees 

Still, we know that every sphere that is not simple is the multiple cover of a simple one 
(by the Riemann-Hurwitz formula a sphere can only multiply cover a sphere), we can hence 
compute the dimension of the moduli space of the underlying simple spheres, and use this 
information as an upper bound for the dimension of the spheres that appear in the bubble 
tree. 

Let V : — )■ be a holomorphic sphere that is a A;- fold cover of a sphere v representing a 
homology class [v] and [v\ G H2{W,'L) respectively with [v] = and with Ci;(['u|) > 0. The 
expected dimension of the space of maps containing v is by an index formula 

ind^,aJ = 2n + 2ci([v]) = 2n + 2A; ci ([u]) . 

The space of biholomorphisms of has dimension 6, and hence the expected dimension of the 
moduli space of unparametrized spheres that contain [v] is ind^, 9j — 6 = 2 (n — 3) + 2A; ci(['u]). 



As we explained above and in Section 1.2, this expected dimension does not correspond 



in general to the observed dimension of the bubble trees, instead we study the expected 
dimension of the underlying simple spheres. The dimension of the space containing v is given 
by vnd^dj — 6 = 2 (n — 3) + 2ci(['u]). If ci(['u]) < n — 3, then the expected dimension will 
be negative, and since we obtain regularity of all simple holomorphic curves by choosing a 
generic almost complex structure, it follows that the moduli space containing v is generically 
empty. As a consequence bubble trees appearing as limits do not contain any component that 
is the A;-fold cover of a simple sphere representing the homology class [?^|. 

If ci ([i^]) > n — 3, the definition of semipositivity implies that ci ([?^|) > 0. When we com- 
pare the expected dimension of the moduli space containing v with the one of the underlying 
disk V, we observe that ind„ 9j — 6 = 2 (n — 3) + 2/i; ci ([i/l) > 2 (n — 3) + 2 ci ([5]) = ind:^ dj — 6. 

Consider now the image in W of all spheres in the moduli space of v that are A:-fold 
multiple covers of some simple sphere. Their image is contained in the image of the simple 
spheres lying in the same moduli space as v. The dimension of this second moduli space is 
smaller or equal than the expected dimension of the initial moduli space containing u, and 
even though we cannot ensure regularity for w, we have an estimate on the dimension of the 
subset containing all singular spheres. 

The following result allows us to find the desired bound for the dimension of the image of 
complete bubble trees. 

Proposition III. 3. 5. Assume that [W,uj) is semipositive. To compactify the moduli space 
Aio{W, N, Zq), one has to add bubbled curves. We find a finite set of manifolds Xi, . . . , 
with dimXj < dimA4o{W,N,zo) — 2 and smooth maps fj: Xj — )• W such that the image of 
the bubbled curves under the evaluation map ev^^ is contained in 

When we consider instead the compactification of the boundary dAiQ{W, N, zq), that means 
the space of holomorphic disks with a marked point on the boundary of the disk only, then 
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we obtain the analogue result, only that the manifolds Xi, . . . ,Xn have dimension dimXj < 
dim dMo{W, N, zq) - 2 = dimMoiW, N, zq) - 3. 

Proof. The standard way to treat bubbled curves consists in considering them as ele- 
ments in a bubble tree: Here such a tree is composed by a simple holomorphic disk uq : (D^, S^) — )• 
[W, N) and holomorphic spheres ui, . . . , Uk' '■ — >• VF. These holomorphic curves are con- 
nected to each other in a certain way. We formalize this relation by saying that the holomor- 
phic curves are vertices in a tree, i.e. in a connected graph without cycles. We denote the 
edges of this graph by {ui, Uj} , < i < j < k' . 

Now we assign to any edge two nodal points Zij and Zji, the first one in the domain of 
the bubble Ui, the other one in the domain of uj, and we require that ev^^^. (uj) = evzjiiuj)- 
For technical reasons, we also require nodal points on each holomorphic curve to be pairwise 
distinct. To include into the theory, trees with more than one bubble connected at the same 
point to a holomorphic curve, we add "ghost bubbles". These are constant holomorphic 
spheres inserted at the point where several bubbles are joined to a single curve. Now all the 
links at that point are opened and reattached at the ghost bubble. Ghost bubbles are the 
only constant holomorphic spheres we allow in a bubble tree. 

The aim is to give a manifold structure to these bubble trees, but unfortunately this is 
not always possible, when multiply covered spheres appear in the bubble tree. 

Instead, we note that the image of every bubble tree is equal to the image of a simple 
bubble tree, that means, to a tree, where every holomorphic sphere is simple and any two 
spheres have different image. Since we are only interested in the image of the evaluation 
map on the bubble trees, it is for our purposes equivalent to consider the simple bubble tree 
instead of the original one. The disk uq is always simple, and does not need to be replaced 
by another simple curve. 

Let uo,ui, . . . ,Uk' be the holomorphic curves composing the original bubble tree, and let 
■Ai G H2{W) be the homology class represented by the holomorphic sphere Ui. The simple 
tree is composed by uo,vi, . . . ,Vk such that for every Uj there is a bubble sphere Vi. with 
equal image 

and in particular Aj = nrijBi., where Bi. = [vi^] G H2iyV) and mj > 1 is an integer. Write 

also A for the sum Aj and B for the sum ^i- Below we will compute the dimension 

of this simple bubble tree. 

The initial bubble tree uq, ui, . . . , n^/ is the limit of a sequence in the moduli space 
M-oiW^N ^ zq). Hence the connected sum Uoo '■= t*o# " ■ ■ is, as element of 7r2{W,N), 
homotopic to a disk u in the bishop family, and the Maslov indeces 

/u(n) := fi{u*TW,u*TN) and /u(noo) := fi{u*^TW, u*^T N) 

have to be equal. With the standard rules for the Maslov index (see for example [MS04| 
Appendix C.3]), we obtain 

k' 

2 = fi{u) = fj,{uoc) = /i(no) + ^2ci([uj]) = n{uo) + 2ci(A) . 
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The dimension of the unconnected set of holomorphic curves A^[„q](1^, A^, -^o) x 11^=1 -^Bj (W) 
for the simple bubble tree is 

k k 

(n + /i(no)) + ^ 2 (n + ci{Bj)) = n + 2 - 2ci{A) + 2nk + ^ 2ci{Bj) 

= n + 2 + 2nk + 2 (ci(B) - ci(A)) . 

In the next step, we want to consider the subset of connected bubbles, i.e. we choose a total 
of k pairs of nodal points, which then have to be pairwise equal under the evaluation map. 
The nodal points span a manifold 

z{2k) c {{I,..., 2k) ^D^ns^n-.-ns^} 

of dimension 4k. The dimension reduction comes from requiring that the evaluation map 

k 

ev: Miu,]{W,N,zo) x IIMb,{W) x Z{2k) ^ P^^fc 
i=i 

sends pairs of nodal points to the same image in the symplectic manifold. By regularity and 
transversality of the evaluation map to the diagonal submanifold A (A;) ^ W"^^, the dimension 
of the space of holomorphic curves is reduced by the codimension of A(A;), which is 2nk. 

As a last step, we have to add the marked point zq used for the evaluation map ev^p, this 
way increasing the dimension by 2, and then we take the quotient by the automorphism group 
to obtain the moduli space. The dimension of the automorphism group is 6k + 3. Hence the 
dimension of the total moduli space is 

n + 2 + 2nk + 2 (ci(B) - ci(A)) +4k-2nk + 2- {6k + 3) 

= n + 1 - 2/c + 2 (ci(B) - ci(A)) < n + I - 2k . 

The inequality holds because by the assumption of semipositivity, all the Chern classes are 
non- negative on holomorphic spheres, and all coefficients rij in the difference ci(B) — ci(A) = 

ci{Bj) - ci{Ai) = Y,j ci{Bj) - J2i mciiBjJ = Y,- njCi{Bj) are non-positive integers. 

The computations for the disks in dAioiO'^ , N; zq) only differs by the requirement that 
the marked point needs to lie on the boundary of the disk uq instead of moving freely on the 
bubble tree. Instead of having two degrees of freedom for this choice, we thus only add one 
extra dimension. □ 



4. Proof of the non-fillability Theorem A 



Theorem [A| Let (M, ^) be a contact manifold that contains a bLob N , then Af does not 
admit any semi-positive weak symplectic filling (T4^, oj) fov which is exact. 

Assume there were a semi-positive symplectic filling {W^oj) for which uj\rp^ is exact. Let 
q; be a positive contact form for ^. By Proposition II. 1.14, we can extend {W,oj) with a collar 
in such a way that we have f^l™ = da\rpjr^ which will allow us to use the energy estimates 



of the previous section. Now w e choose an almost complex structure that is adapted to the 

and we will study the moduli space M.oipP', N; zq) defined in 



III.1.4 



bLob N as in Corollary 

Section [2] of holomorphic disks with one marked point lying in the same component as the 
Bishop family around a chosen component Bq of the binding of A^. 
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Trace a smooth path 7 : [0, 1] — t- that starts at 7(0) G Bq and ends on the boundary dN. 
Assume further that 7 is a regular curve, and that it intersects the binding and dN only on 
the endpoints of [0, 1]. We want to select a 1-dimensional moduli space in Aio[l$'^, N; zq) by 
only considering 

It will be important for us that 7(/) does not intersect the image of any bubble trees in 
Moin^N;zo)\Mo(g\N;zo). 



By Proposition III. 3. 5, we have that the bubble trees in dA4o[Bi , N; zq) he in the image 
of a finite union of smooth maps defined on manifolds of dimension dim dA4o (D^, A^; zq) — 2 = 
dim — 2. The subset N \ ev^^ (bubble trees) is connected and we can deform 7 keeping the 
endpoints fixed so that it does not intersect any of the bubble trees. 

For a small perturbation of J (away from the binding and the boundary of N), we can 
make sure that the evaluation map ev^^ is transverse to the path 7(/). If the perturbed J 
lies sufficiently close to the old one, then 7 will also not intersect any bubble trees for this 
new J, for otherwise we could choose a sequence of almost complex structures converging 
to the unperturbed J such that for everyone there existed a bubble tree intersecting 7. 
We would find a converging subsequence of Vk yielding a bubble tree Voo for the unperturbed 
almost complex structure intersecting 7, which contradicts our assumption. 

It follows that A4'^ is a collection of compact 1-dimensional submanifolds of dA4o (D^, A^; zq) . 
There is one component in Ai'^ , which we will denote by A^g that contains the Bishop disks 
that intersect 7([0,e)). We know that the Bishop disks are the only disks close to the bind- 
ing, and hence it follows that Mq cannot be a loop that closes, but must be instead a closed 
interval. 

The first endpoint of Ai^ is the constant disk with image 7(0) G Bq, and we will deduce 
a contradiction by showing that no holomorphic disk can be the second endpoint of A^g. 

By Proposition II. 2. 9, there is a small neighborhood of dN that cannot be entered by any 
holomorphic disk. By our construction the endpoint of A4q cannot be any bubble tree either. 
It follows that the endpoint needs to be a regular disk [u,zo] S dAioip"^ , N; zoj for which 
the boundary of u lies in A^ \ (^dN U i?) and whose interior points cannot touch dW either, 
because we are assuming that the boundary of W is convex. 

It follows that this regular disk cannot really be the endpoint of A^g, because the evalu- 
ation map ev^Q will also be transverse to 7 at [u, zq] so that we can extend A^g further. 

This leads to a contradiction that shows that the assumption that the boundary of W is 
everywhere convex cannot hold. 



5. Proof of Theorem |B] 

For the proof, we first recall the definition of the degree of a map. 

Definition. Let X and Y be closed oriented n-manifolds. The degree of a map / : X — >■ 
Y is the integer d = deg(/) such that 

f#[X] = d-[Y], 

where [X] G Hn{X,'Ij) and \Y] € HniY^lj) are the fundamental classes of the corresponding 
manifolds. When the manifolds X and Y are not orientable, we define the degree to be 
an element of Z2 using the same formula, where the fundamental classes are elements in 
Hn{X,7.2) andi/„(y,Z2). 



5. PROOF OF THEOREM ?? 
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Note that we can easily compute the degree of a smooth map / between smooth manifolds 
by considering a regular value yo £ Y of f (which by Sard's theorem exist in abundance), and 
adding 

deg / = ^ sign Df^ , 

where the point x contributes to the sum with +1, whenever Dfx is orientation preserving, 
and contributes with —1 otherwise. In case the manifolds are not orientable, we can always 
add +1 in the above formula, but need to take sum over Z2. 

Theorem [B| Let (M, ^) be a contact manifold of dimension (2n + 1) that contains a 
Lob N. If M has a weak symplectic filling {W,uj) that is symplectically aspherical, and for 
which a;|j.^ is exact, then it follows that N represents a trivial class in Hn+i{W,Z2). If the 
first and second Stief el- Whitney classes wi{N) and W2{N) vanish, then we obtain that [N] 
must be a trivial class in Hn+iiW,!?). 



Using Proposition II. 1.14 we can assume that wj^^jy = da\rpj^ for a chosen contact 
form a. Choose an almost complex structure J on W that is adapted to the Lob A^, and 
let M.q{P>^ , N ] Z{)) be the moduli space of holomorphic disks with one marked point lying in 
the same component as the Bishop family around a chosen comp onent o f the binding of A^. 



Since W is symplectically aspherical, we obtain by Corollary III. 3. 4 that M.q{I]>^ , N\ zq) 
is a compact smooth manifold with boundary. It was shown in [GeollJ that Moip'^ , N ; zq) 
is orientable if the first and second Stiefel- Whitney classes oi N \ B vanish. With our as- 
sumptions this is the case, because Wj[N\B^ = Wj{N)\^^^^^y If M-o(p>'^ , N; zq) is orientable 

then Aio{p>'^ , N; zq) will also be orientable: If there were an orientation reversing loop 7 in 
the compactified moduli space (which is obtained from M-o[l$'^, N; zq) by gluing in B as codi- 
mension 3 submanifold) , then due to the large codimension we could easily push 7 completely 
into the regular part of the moduli space, where it would still need to be orientation reversing. 

It follows that the boundary dAio(0'^ , N; zq^ is also homologically a boundary (either 
with Z- or Z2-coefficients depending on the orientability of the considered spaces). 

Denote the restriction of the evaluation map 

by /. We know that close to the binding every point is covered by a unique Bishop disk, this 
implies by the remarks made above that the degree deg(/) needs to be ±1. 
We have the following obvious equation 

ev^o ° i^dM = ''NO f , 

where igj^ denotes the embedding of dJ^o (D^, N; zq) in A4o(p'^, N; zq) and ln the embedding 
of N in W. The homomorphism induced by Lqj^ is the trivial map on the (n + l)-st homology 
group, so that the left side of the equation gives rise to the 0-map 

Hn+i (dMo {B^,N; zq) , r) ^ Hn+i {W, R) 



with R being either Z or Z2. Since is it identity, it follows that t^r has to induce the trivial 
map on homology, which implies that N is homologically trivial in W. 
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